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1 Introduction 



Let f{z) be an elliptic newform of even weight k = n + 2 > 4 and level 
N and let p be a prime number. Let us assume that f{z) corresponds to a 
modular form on a Shimura curve via the theory of Jaquet-Langlands and let 
us fix a quadratic imaginary field K. Throughout the introduction we will 
assume for simplicity that N is square free with an even number of prime 
factors, p\N, all prime divisors of N are inert in K and finally that K has 
class number 1 (see section |^ and |] for a more general set-up). 

In such a situation in [pPISf we have defined the anticyclotomic p-adic 
L-function of f{z) over K, Lp{f /K, s) and have proved that it vanishes at 
the central critical point s = k/2. The main purpose of this paper is to prove 
that the derivative of Lp{f /K,s) at s = k/2 can be interpreted as the e/- 
component (e/ is the idempotent in the Hecke algebra corresponding to f{z)) 
of the image of a Heegner cycle under a p-adic Abel- Jacobi map. The complex 
L-function of f{z) over K also vanishes at s = A;/2 and its derivative can be 
expressed in terms of the height of a Heegner cycle. Therefore we consider 
our result as a p-adic Gross-Zagier type formula though the reader should 
be aware that no p-adic heights are involved (a short explanation of how our 
result fits into the broader picture of the Bloch-Beilinson conjectures is given 



in Remark p.4| ) 



With some slight modifications our argument would also give a similar 
result for the weight k = 2. If f{z) corresponds to an elliptic curve E/Q 
this is then a reformulation of the main result of [[BD2|| . We also remark 



that a p-adic Gross-Zagier type formula involving p-adic heights has been 
obtained by Nekovar ||Ne3|| . However the situation he deals with is different; 



he considers a two- variable p-adic L-function and the case where p does not 
devide the level and f{z) is ordinary at p. 

In establishing our formula we make extensive use of p-adic Hodge theory. 
Namely, if Gq GL(V^(/)) is the Galois representation attached to f{z) as 
in | pel| |, its restriction to a decomposition group at p is a semistable repre- 
sentation. Our proof relies on the fact that we are able to explicitly describe 
the semistable Dieudonne module attached to Vp{f) (via Fontaine's theory) 
in terms of p-adic integration. We think that this description is interesting in 
itself and as a separate application we use it to prove that the £p-invariants 
of Fontaine-Mazur and Teitelbaum attached to f{z) are equal. 

Now we describe our results in more detail. Let X/Q be the Shimura 
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curve which classifies abehan surfaces with an action of a maximal order 
in the quaternion algebra over Q of discriminant A^. The Jacquet-Langlands 
theory associates to f{z) a Hecke eigenform on X which by abuse of notation 
we also denote by f{z). Let Ff be the finite extension of Q generated by the 
Hecke eigenvalues of f{z). The Galois representation Vp{f) attached to f{z) 
(two-dimensional as a Qp-module) occurs in the p-adic cohomology of a 
certain Kuga-Sato variety. It can be also realized as a direct summand of the 
(n-|- l)-th p-adic cohomology of the m : = ^-self product A"^ of the universal 
abelian surface A over X (in the introduction we neglect the fact that X is 
only a coarse moduli space; for precise statements we refer to section |). In 
fact the Galois representation attached to the whole space of modular forms 
of weight k which we denote by Hp{A4n) (since it is the p-adic realisation 
of a certain motive Ain) can be identified with the first etale cohomology of 
X = X ®(Q Q with coefficients in a p-adic local system L„ which occurs in 
a certain tensor power of the first relative p-adic cohomology of A over X. 
As a representation of Gq^, Hpi^M.^) is semisimple. We can apply Fontaine's 
theory which associates to local p-adic Galois representations simpler objects 
- filtered (0, iV)-modules - which still encode all the information. When re- 
stricting the Galois action to the inertia subgroup Ip C Gq^ and applying 
Fontaine's functor D^t we obtain a filtered (0, A^)-module Dst{Hp{A4n)) the 
semistable Dieudonne module of Hp{M.n)- That is Dst{Hp{A4n)) is a finite 
dimensional vector space over the completion Q^'^ of the maximal unram- 
ified extension of Qp endowed with Frobenius and monodromy operator 
A^. In section |^ we give a concrete description of Dst{Hp{M.n)) by using 
the Cerednik-Drinfeld uniformisation of X^ur = X Q^^ by the p-adic up- 
per half plane Tip. More precisely we can identify Xqut with the Mumford 
curve Xr = T\Hp (the group F C GL2(Qp) is given in terms of the definite 
quaternion algebra over Q of discriminant N/p). We show that Dst{Hp{A4n)) 
is equal to H^-^^^Xr, V„) where Vn is a filtered F-isocrystal on Xr associ- 
ated to the GL2(Qp) -represent at ion Vn- = n — th symmetric power of Q^. 
The Frobenius operator is given in terms of Coleman integration of 1-forms 
on Tip and the monodromy operator in terms of Schneider's residue map 
uj ReSe(ci;) which associates to a 1-form a harmonic cocyle on the Bruhat- 
Tits tree (see Theorem |5.9| ). We also have a result for open subschemes of 
X which is needed for the computation of the p-adic Abel-Jacobi image of 
Heegner cycles. 

The main ingredients in the proof of Theorem are a comparison theo- 
rem between p-adic etale cohomology of semistable curves and log-crystalline 
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cohomology (with coefficients) in [ b'a2 ] and the description of the log-crystalhne 



cohomology groups in ||C]|| . These facts are reviewed in section |^. In section 
^ we attach to a Qp-rational representation of GL2 a filtered F-isocrystal on 
Xr- A key resuh is then that the local system corresponding to the filtered 
F-isocrystal attached to Vn is the sheaf L„ (see Lemma |5.10|) . 

The application to ^-invariants is given in section |^. Recall that the C- 
invariant for a weight two modular form f{z) corresponding to an elliptic 
curve E/Q with spht multiplicative reduction at p is defined as the ratio 
£(/) = logp(g£;)/ordp(gE) where qe is the Tate period of E over Qp. In 
the higher weight case three possible definitions of C{f) have been given 
(by Teitelbaum [fT^], Coleman | |Uo| | and Fontaine-Mazur | [Ma[ | ) . The ffist 
and second are defined in terms of Coleman integration and residues on the 
Shimura curve and modular curve respectively whereas the last in terms of 
the semistable Dieudonne module Dst{Vp{f)). As an application of Theorem 



579| we will show that the ffist and last are equal. We remark that the work 
of |CT|] also establishes the equality of the Coleman and Fontaine-Mazur C- 
invariant (as explained in ||Co|| ) so that all three /^-invariants are the same. 

In section ^ we apply our results to Heegner cycles and p-adic L-functions. 
In [ PPISII we proved the following formula describing the derivative of 
Lp{f/K, s) at s = k/2 as a p-adic integral 



(1) L'{f/K,k/2)= / fp{z)P{zrdz. 



zo 



Here fp{z) is the rigid analytic modular form on Tip for F corresponding to 
f{z), P{z) a certain polynomial of degree 2 and zq is a point on Tip lying 
over a Heegner point on X. 

In section |^ we show that the right hand side of (|I|) can be interpreted as 
the (e/-component) of the image of a Heegner cycle on A"^ (defined in section 
^ under a p-adic Abel-Jacobi map (the latter will be defined in section [^. 
We briefly explain the main steps of the proof. Firstly a Heegner cycle 
defines an extension of Dst{Hp{Jlin))[—{fn+ 1)] by the trivial (0, A^)-module 
Qp''. The group of extension classes Ext^{Q^'' , D^t{Hp{Mn)[-irn + 1)]) can 
be identified with the dual of the space Mfc(F) of weight k modular forms on 
Tip for F. It is then shown that under this isomorphism the extension class 
corresponding to the Heegner cycle is the functional 

fp{z) ^ / fp{z)p{zrdz. 
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This last step uses a formula expressing the cup-product of 1-forms on X-p 
in terms of the periods (this formula is a generalisation of a result of E. de 
Shalit in M ). 

Aknowledgements We would like to thank Massimo Bertolini and Henri 
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We are also grateful to Amnon Besser and Uwe Jannsen for helpful discus- 
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this paper and thank this institution for its support and hospitatlity. This 
work was supported in part by EPSRC Grant GR/M95615. During the work 
on this project the first author was also partially supported by an NSF grant. 

Notation. 

For a field K we let K be an algebraic closure and Gk = Gal{K / K) the 
absolute Galois group. 

Let L/K he a. field extension. For a i^-module M we set = M ®x L. 
Also for a i^'-scheme X we write X^ = X ®k L. 

For a Q-module M we write Mp = M 0q Qp. 

We denote by Cp the completion of the algebraic closure of Qp. We let 
Qur ^ ^YiQ closure of the maximal unramified extension of Qp and 

Zp"^ its valuation ring. For a positive integer /i we let QpM C Q^'' be the 
unramified extension of degree fi of Qp and ZpM its ring of integers. 

2 Filtered Frobenius monodromy modules 

Let be a field of characteristic which is complete with respect to a 
discrete valuation and has a perfect residue field k of characteristic p > 0. 
Let Ko ^ K he the maximal subfield of K of absolute ramification index 1, 
i.e. Kq is the quotient field of the ring of Witt vectors of k. 

Let a : Kq Kq he the absolute Frobenius automorphism. In this 
section we deal with a-linear algebra. Specifically we recall (form |[Fo2|| ) 
the relation between semistable p-adic representations of Gk and filtered 
Frobenius monodromy modules (filtered (0, iV)-modules for short) and then 
give a description of certain Ext-groups in the category of (filtered (0, N)- 
modules) which will be used in our discussion of the p-adic Abel-Jacobi map 
in section |^. We also introduce the notion of monodromy modules and their 
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^-invariants which is needed for the definition of the Fontaine-Mazur L- 
invariant of modular forms. 

A filtered (0, A^)-module consists of the following data: 

1. A finite dimensional ii^o- vector space D with an exhaustive and separated 
decreasing filtration F'^Dk on Dk called Hodge filtration. 

2. A cr-linear automorphism (p = (pD : D — > D (the Frobenius of D). 

3. A i^'-linear endomorphism = Nij : D — > D (the monodromy operator) 
such that N(j) = p(f)N. 

A filtered Frobenius module is a (0, A^)-module with trivial monodromy 
operator. Morphisms of filtered (0, A^)-modules are ii'o-linear maps which 
respect the Frobenii, the filtrations and the monodromy operators. The 
category of filtered (0, A^)-modules MFx(0, A^) is an additive tensor category 
admitting kernels and cokernels. There is also the notion of a short exact 
sequence of filtered (0, A^)-modules. We consider K as a. filtered (0, A^)- 
module by setting (pxo = cr, N = and F^K = K (resp. = 0) for i < (resp. 
i > 0). For D e Oh{MFK{(t),N)) its i-fold twist D[i] is defined as D[i] = D 
(as vector spaces), (j)D[{\ = P^(pD, F^D[i]K = F^~'^Dk and A'£)[j] = A"/). 

The correspondence between filtered (0, A^)-modules and semistable Ga- 
lois representations is given in terms of Fontaine's ring Bst (defined in |[l'bl|] ). 
It is a topological Ko-algebra whose construction depends on chosing a branch 
of the p-adic logarithm. It is equipped with the following structure: 

1. A continous action of Gk such that = Kq. 

2. A Gx-equivariant embedding K^'^ — > B^t of the maximal unramified 
extension Kq"^ of Kq. 

3. A cr-linear continous automorphism : Est — > Bst commuting with the 
G/^-action. 

4. An exhaustive and separated decreasing filtration on {Bst)K which is 
stable under the Gi^-action. 

5. A ii'o-linear operator A^ : Bst — ^ Bst such that A^0 = p0A^. 

Let Rep(Gi<-) be the category of p-adic representations of Gk, i-e. finite 
dimensional Qp-vector spaces with a continuous linear Gj^-action. It is an 
abelian tensor category with twists given by tensoring with appropriate pow- 
ers of the Tate representation Qp(l) = (limfXpn) ®ipQp- For a j9-adic represen- 
tation V of Gk one defines Dst{V) : = {V ^ Bst)^'^ ■ It inherits from Bst the 
structure of a filtered (0, A^)-module. We have DstiVin)) = Dst{V)[—n]. A 
p-adic representation V of Gk is called semistable if the canonical (injective) 
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map 



a : D^tiV) ®K, Bst — > V Oq^ B^t 

is bijective. The full subcategory Rep^^(G'/<) of semistable representations is 
an abelian tensor category. 

Conversely given a filtered (0, A^)-module D the module D Bst has 
a natural structure as a filtered (0, A^) -module and one defines Vst{D): = 
B.omMFK{<l>,N){K, D ®Ko Bst)- It is a p-adic representation of Gk- The mod- 
ule D is called admissible if it is isomorphic to Dst{V) for some semistable 
representation V of Gk- The full subcategory MF^'^{(j),N) of MFk{(P,N) 
of admissible filtered (0, A^)-modules is an abelian tensor category such that 
exact sequences remain exact in MFK{(f), N). Moreover the restriction of 
the functors Dgt and Vst to Rep^^(Gi^) and MF^{(j), N) are mutually quasi- 
inverse ^-equivalences. 

Any finite dimensional i^o-vector space D equipped with a bijective cr- 
linear endomorphism (p : D ^ D admits a canonical slope decomposition (see 

m) 

(2) ^ = 0^A. 

For a rational number X = -,r, s E Z, s > the subspace Dx of D (called the 
isotypical component of D of slope A) is the largest subspace of D which has 
an OKo-stable lattice M with 0*(M) = p'^M. The slopes of D are the rational 
numbers A for which Dx ^ 0. The pair {D, cj)) is called isotypical of slope Aq 
if Aq is the only slope. If D is a filtered (0, iV)-module then N{Dx) C Dx-i 
for all A G Q. 

Lemma 2.1 Let D be a filtered {(p, N)-module, n be an integer and assume 
that N induces an isomorphism between the isotypical components and 
Dn-i ■ Then there is a canonical isomorphism 

(3) Ext\,p^^^^^^iK[n],D) = D/F\ 

Proof. Firstly we remark that though MFk{4>, N) is not an abelian cate- 
gory a group structure on Ext\^ p^(^^ j^^{K[n], D) can be defined in the usual 
way. For an extension 

(4) e : > D — ^ E K[n] > 
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we obtain a diagram with exact rows 

> > > Ko > 



^ Dn-l > K-i > . 

where the vertical arrows are induced by the respective monodromy opera- 
tors. By assumption the first vertical map is an isomorphism. Hence the 
upper row admits a canonical splitting that is the map r : E K[n] has 
a canonical splitting s : K[n] ^ E (compatible with Frobenius and mon- 
odromy operators but not necessarily with filtrations). 

We define the map (§) by sending the class of (|) to + G Ek/F'' ^ 
Dk/F"'. a simple computation shows that @ is an isomorphism. □ 

We finish this section with a discussion of monodromy modules and its 
/^-invariants. These notions were introduced in |[Ma|] (in fact we work here 
with a slightly different definition; see Remark ^]5| below). Let T be a finite 
dimensional commutative semisimple Qp-algebra. For simplicity we assume 
from now on that K = Kq. 

Definition 2.2 Let D he a T-object in MFk{4>, N) , i.e. an object together 
with a Qp-algebra homomorphism o/ T — > EndMFK(4>,N){F)) . D is called a 
(two-dimensional) monodromy T-module if the following conditions hold: 
(i) D is a free Tk -module of rank 2. 
(a) The sequence D D D is exact. 

(Hi) There exists an integer jo such that F^°D is a free Tx-submodule of 
rank 1 and F^°D n Ker^No) = 0. 

Note that condition (i) and (ii) imply that Ker(A'^D) is a free T^-submodule 
of rank 1. Hence (iii) implies that F^°D © Ker(A'^D) = D. 

Lemma 2.3 Let D be a monodromy T-module. Then there exists a de- 
composition D = D^-^^ © D^"^^ where D^-^\ D^"^^ are (p-stable free rank-1 T^- 
submodules such that N : D ^ D induces an isomorphism N \i^{2): D^'^^ — >■ 
D'^^\ Moreover the decomposition is uniquely determined by theses proper- 
ties. 
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Proof. We may assume that T is a field. We claim that D'-^^ : = KeriNo) 
is isotypical. For this it is enough to consider the case where k is algebraically 
closed. Let A G Q with D^^^ ^ 0. By a theorem of Dieudonne-Manin the 
algebra End(D^^'', 0) of the Frobenius isocrystal (D^^^c/)) is a central simple 
Qp-algebra of dimension (dim^^ Dj^^"*)^. Since T C End(Z)^^'') we deduce that 
dimj^ d'^^ > dimQp T = dimj^: D^^\ hence D^^^ = D^^^ as claimed. 

Property (ii) implies now that D = Dx® Dx+i, D^^^ = Dx and : 
Dx+i Dx is bijective. We define D^^) . = □ 



Definition 2.4 Let D he a monodromy T-module, let jo be the integer ap- 
pearing in part (Hi) of definition \2.3i and D = D^^^ © D^'^^ be the decompo- 
sition into (p-stable free rank-1 Tx-submodules of D as in lemma j| . The 
C-invariant C{D) of D is defined as the unique element in such that 
X — C{D)N{x) G F^°Dk for every x G 



Remark 2.5 (a) Let be a perfect extension field of k and let i^' D be 
the quotient field of W{k'). Let L> be a T-object in MFxicj), N). Then L> is a 
monodromy T-module if and only if = D^^L is a monodromy T-module 
in MFi{(j), N) and that in this case the /^-invariants coincide C{D) = C{Dl). 
(b) The notion of a monodromy module as introduced in ( ||Ma|| , section 9) 
is not quite adequate for the application to modular forms. In fact with the 
notation as in (|Ma|, section 12) the filtered (0, A^)-module Dp{f) consid- 



ered there is a two-dimensional F-module but the 0-action is F-linear (not 
(Jir-linear) and therefore Dp{f) is neither a (two-dimensional) monodromy 
module in MFf{(I),N) nor in MFQ^{(j),N) if F 7^ Q in the sense of ( M , 
sect. 9). 



3 Covergent filtered F-isocrystals and Dieu- 
donne modules 

Let K be as in section ^ and assume further that K is of absolute ramification 
index 1, i.e. K = Kq. Let Ok be its ring of integers. Let Z he a p-adic formal 
Ox-scheme i.e. a formal Ox-scheme locally of finite type in the sense of ( |Per|| , 
(0.2.1)). We assume that Z is analytically smooth ( ||0g|| , p. 772), so that the 
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rigid analytic i^-variety Z'^" associated to Z is smooth (for the construction 
of Z'^" we refer to (0.2.1)). 



We want to define the notion of a filtered F-isocrystal on Z. It is a 
convergent F-isocrystal £, together with a filtration on the coherent O^an- 
module on Z"^" associated to E satisfying "Griffith transversality" with 
respect to the connection. To give a precise definition we first recall briefly 
the notion of an F-isocrystal from ( [Pg|| , 2.17). 

An enlargement of Z is a pair (T, zt) consisting of a fiat formal Ok- 
scheme T and a morphism of formal Oi^-schemes zt '■ Tq — > Z, where the 
subscript means the reduced closed subscheme of the closed subscheme of 
T defined by the ideal pOr ([Pg|, 2.1). 



Definition 3.1 A convergent isocrystal S on Z consists of the following 
data: 

(a) For every enlargement T = {T,zt) of Z a coherent Ot ®Ok K -module 

(b) For every morphism of enlargements g : (T', zt') — > [T, zt) an isomor- 
phism of Ot' ®Ok K -modules 



9g:g*{gT)^S: 



T' 



The collection of isomorphisms {6g} is required to satisfy the cocycle condi- 
tion. 



If T is an enlargement of Z then St may be interpreted as a coherent sheaf 
E!^"' on the rigid space T"" ( [Pg|| , 1.5). If we assume that T is analytically 
smooth over Ok then there is a natural integrable connection 

(5) vt : — ' ® 

(cf. [01, 1.20, 2.81). 

Note that the notion of an isocrystal on Z depends only on the K-scheme 
Zq. More precisely there is an equivalence of categories between convergent 
isocrystals on Z and on Zq. We identify an isocrystal on Z and Zq in the 
following. Let F = Fzg denote the absolute Frobenius of Zq. 

Definition 3.2 A convergent F -isocrystal on Z is a convergent isocrystal £ 
on Z together with an isomorphism of isocrystals $ : F*£ —>■ S. 
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We define filtered F-isocrystals only in the case where Z is analytically 
smooth over Ok (which we assume from now on) so that : = E'^ carries 
a natural connection V. 

Definition 3.3 A filtered convergent F-isocrystal on Z consists of an F- 
isocrystal £ together with an exhaustive and separated decreasing filtration 
p»^an ^o/iereni Oz'^^submodules such that V(JF*) C JF*"^ ®o%" f^''^ 
all i. 

The category of convergent filtered isocrystals on Z is an additive tensor 
category. 

Examples 3.4 (a) The category of convergent filtered isocrystals on Z is 
an additive rigid tensor category. The assignment T i— Ot ® K - denoted 
by Oz - with the canonical Frobenius and filtration given by = Oz<^" for 
i < and = for i > is the identity object. 

(b) A filtered Frobenius module on Z = Spf{OK) is a filtered Frobenius {K- 
)module in the sense of section ^. 

(c) If / : X — > Z is a smooth proper morphism of p-adic formal schemes then 
the F-isocrystal R'^f^Ox/K defined in ( ||Og]| , 3.1) - built using crystalline co- 
homology sheaves ®K - is a convergent filtered F-isocrystal in a natural way. 
In fact the associated coherent O^an-module {W^ f^Ox/x)"'"' is isomorphic to 
the relative de Rham cohomology lil)j^{X"-'^ / Z"-^) = R^f^Vt'-^auizan and the 
connection coincides with the Gauss-Manin connection (| |Ug|| , 3.10). The 
filtration on {R^ f^Ox/Kf'^ = H^^(X'*"/Z''") is the Hodge filtration. 

Let X Spec(Oi^) be a proper semistable curve with connected fibers. 
We assume that the generic fiber X is smooth and projective and that the 
irreducible components Ci, . . . , of the special fiber C are all smooth and 
geometrically connected and that there is more than one of them. We assume 
moreover that the singular points of C are all K-rational ordinary double 
points. Let S he a convergent filtered F-isocrystal on the formal completion 
X of X. The rigid analytic space X"" associated to X (see Per|| , 0.3) can 



be identified with j£"" and the coherent (9x°"-iiiodule F"" with connection 
and filtration is defined algebraically i.e. there exists a coherent locally free 
Ox-module F with connection V : F — > E filtration F'E 

by Ox-submodules such that V(JF*) C JF*^^ and the data yield the 

connection and filtration after passing to E"'"'. 
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In 1^], R. Coleman has defined a structure of a filtered (0, A^)-module 



on the de Rham cohomology group H}jj^{X, E) by using p-adic integration. 
We briefiy recall his construction (for details we refer to ||Co|| and ||C1]| ) . 
The Hodge filtration on H})j^{X, E) is defined as 

(6) F'H}jj^{X, E) = lm{H\X, F'E ^ F''^E (g) ^]^) — > H\X, E ® fi')). 

The Frobenius and monodromy operator are defined using the admissible 
covering of X"" given by the tubes around components of C. For that let Q be 
the (oriented) intersection graph of C. The vertices V{Q) are the irreducible 

components of C and the oriented edges S{G) are triples (x, Ci, Cj) where x 
is a singular point of C and Ci, Cj are the two components on which x lies. 
If e = {x,Ci,Cj) is an edge we set o(e) = Ci,t{e) = Cj and let e be the 
opposite edge {x,Cj,Ci). For a vertex v = Ci oi Q we let Uy = red~^(Ci) 
be the tube associated to it where red : X"" — C{k) is the reduction map. 
Similarly for an edge e = (x, Ci, Cj) we let be the wide open annulus 
red~^(x) = Uo(e) H Ut{e)- The orientation of e induces an orientation on A^,. 
The open cover {t^D}i;ev(5) of is admissible. The corresponding Mayer- 
Vietoris sequence yields a short exact sequence 

(7) 

^ Ker(e„,^(^) Hhn{U.,E--) ^ 0^^^^^^ i^i^(A„E-)) 0. 

The superscript — indicates the subspace of ©gg^^g-, H^j^{Ae, E"'"') consist- 
ing of elements {/e}gg^(g) with /g = -/e for all e G SiQ). 

The left and right terms in the exact sequence (|^ have natural Frobenii 
induced from the Frobenius on S. Moreover the map l admits a natural 
left inverse s defined as follows: by identifying H\)^{X, E) with the Cech 
hypercohomology of the covering {t/i,}^ev(g) we can represent elements uj G 
H\)j^{X, E) as pairs of collections {{u}v}v<^v{g), {/e}eee(G)) where e (-E""" ® 
Qxan){Uy) and /e G -^''"(Ae) are such that /g = -fe and u)o{e)\Ae -^t{e)Ue = 
V(/e) for all e G S{G)- Then s{uj) will be represented by the family {9e}^^-^^g^ 

where Qe = fe - (Ao(e)Ue - At(e)|Ae)- Here, if i; G V{Q) then A^, is a p-adic 
integral of uj^. It is well defined up to a rigid horizontal section of E"'"'\u^ once 
we have fixed a branch of the p-adic logarithm (which we assume from now 
on). The map s defines a splitting of the sequence (|^) and the Frobenius $ 
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on H}yp^{X, E) is defined by requiring it to be compatible with the Frobenii 
on the right and left term and the splitting. 

The monodromy operator is defined using residues. There is a natural 
residue map 



Rese : H%{A,,E''^) = {E 



an I \V=0 
AJ 



(to define it one has to assume that E"-"'\Ae has a basis of horizontal sections; 
however this is always the it is shown in [|UH], section 3.2). The 

monodromy operator is defined as the composition 

N = io (0^ Rese) : Hj^^iX, E) Hh^{X, E) 
^ ^ ^({ReSe(a;UJ}^^^(^P 

It satisfies the relation iV$ = p^N. 

We also need to consider the de Rham cohomology of an open subscheme 
U of X which is the complement of a finite number of points which specialise 
to smooth points on C. More precisely let U = X — S where 5* is a finite 
set of if-rational points of X which - considered as points on X - are all 
smooth and which specialise to pairwise different (smooth) points on C. 
Then one can define in a similar way a structure of a filtered (0, A^)-module 
on H}yj^{U, E) . In fact if we replace Xhj U and hj Uy — S in the sequence 
d^) and in (§) the sequence (|^) is also exact and the monodromy operator is 
defined again by (^. Moreover l has a left inverse defined as before. Note 
that the term on the left in (|^) remains the same since H^^{Uv,E°-"') does 
not change if we remove a finite number of points from U^. However to 
define the Frobenius on the right term (and thus on Hjy^{U,E)) is more 
involved as one has to work with logarithmic isocrystals. Associated to the 
divisor ^pg5 P on X is a fine logarithmic structure Ms on X and X (see 
| P:la| | ) . By pulling back S under the canonical morphism of formal log-schemes 
j : (X, M) — > {X, trivial log-structure) one gets a convergent log-F-isocrystal 
(a log-isocrystal is defined in terms of log-enlargements - a log-version of 
enlargements). Then the de Rham cohomology H]-)^{Uy — SjE"""") can be 
described in terms of log-crystalline cohomology with coefficients in j*S of 
the component Ci = v oi C and thus carries a Frobenius. For details we refer 
to 1C|. 



The Gysin sequence 
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becomes then an exact sequence of filtered (0, A^)-modules. Here Sx[l] is the 
stalk of S at x; by Example p.4| (b) it is a filtered Frobenius module. 

In [|CT|] the following technical assumption on a convergent F-isocrystal S 
on C is made in order to compare Coleman's definition of the (0, A^)-module 
H^^{X,£) with Faltings' log- crystalline cohomology. Let i : x ^ C he the 
embedding of a closed point in C and j : C° ^ C be the embedding of the 
complement of the singular points of C in a component. Then 

Assumption 3.5 The isocrystal H^^y^^x , i* (S)) is isotypical and its slope 
does not occur in the set of slopes of H^^yg{C!^ , j* {£)) . 

Consider now the case where £^ is a convergent filtered isocrystal of the 
type considered in Example |^(c). More precisely let / : 2) ^ X be a smooth 
proper morphism, Y = 2)i^ the generic fiber of 2) and let li'^^j^{Y/X): = 
R^f^O^jj^ be the convergent filtered F-isocrystal of p^(c). The results of 
Fall Q and imply the following. 



Theorem 3.6 (a) The representation Hj^{X,R'^f^,Qp)) is semistable. If as- 
sumption \3 . d{ is satisfied for the isocrystal H^^(y/X) then Dst{Hj^{X, R'^f*Qp)) 
is canonically isomorphic as a filtered (0, N) -module to H}j^{X, Hf^^CK/X)). 
(b) More generally let S be a finite set of smooth sections of f : X 
SpeclOx) which specialise to pairwise different (smooth) points on C and let 
U = X — S , U = U ®K K and be the geometric fiber of f : Y ^ X over 
s G 5*. Then we have an exact sequence of semistable Galois representations 

hUx, /?V*Qp)) hUu, R'f.Qp)) — HUY„ Q,(-l)) 

which is - after applying the functor Dgt - isomorphic to the sequence 
(for£ = lil^iY/X). 

4 Convergent filtered F-isocrystals associated 
to representations of GL2 

Let M2 be the algebra scheme of 2 x 2-matrices and GL2 the group scheme of 
invertible elements in M2. By Tip we denote the p-adic upper half plane over 
Qp; it is a rigid analytic Qp-variety whose Cp-valued points are Hp{Cp) = 
Cp — Qp. We denote by TC the canonical formal model of Hp over Z^*". We 
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have a left GL2(Qp)-action through hnear transformations on Tip. The set 
TiplQp^) will be often identified with the set of Qp- algebra homomorphisms 
Hom(Qp2, M2(Qp)) as follows. Any ip G Hom(Qp2, M2(Qp)) defines an ac- 
tion of Q*2 on 7ip(Qp2) and the point z G Qp2 — Qp corresponding to ip is 
characterized by the property 



z \ z 



(10) '^^'''^[l ) =""[1 ) VaeQp2. 

For an algebraic group G over Qp we let Rep (G) be the category of 

VP 

finite-dimensional Qp-rational representations p : G ^ GLi{V). In this sec- 
tion we construct for every representation V in Rep (GL2 x GL2) a filtered 

F-isocrystal S(y) on H and for every Qp2-rational point ^ Hom(Qp2, M2(Qp)) 
a filtered Frobenius module V^, G MFqur^cp, N) which turns out to be the 



fiber of £{V) at \E' (compare also ||RZ]| , 1.31 for a related construction). 



For an object (V,p : GL2 x GL2 ^ GL{V)) in Rep^ (GL2 x GL2) 

Vp 

we also use the notation (V^, pi,p2) where pi : GL2 GL(y) (resp. P2) is 
the restriction of p to the first (resp. second) factor. If (Vi,pi), (V2,p2) are 
two representations of GL2 we define V1QV2 = (Vi,pi) (V2,p2) to be the 
GL2 X GL2-representation 

ViQV2 = (Vi ® V2, pi ® lv2, Vi ® P2)- 
For V G Rep^ (GL2) and m G Z we write V{m} : = det®", {m}V : = 

VP 

det^™ V. 

A representation {V, p) G Rep (GL2) is said to be pure of weight n if 

Vp 

every element a of the center Z(GL2) = Gm acts by multiphcation with a". 
In general {V, p) can be written as 

(11) (v^,p) = 0(vW,pW) 

nez 

where (T/("),p(")) is pure of weight n. 

For n > let Vn denote the vector space of polynomials of degree < n 
over Qp with right GL2-action 

P{X) .A={cX + dTPi^^) A=(l M G GL2, P{X) G 
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Therefore the dual Vn : = = RomQ^iVn, Qp) has a left GL2-action given 
by 

(12) {A ■ R){P{X)) = R{P{X) ■ A) VP(X) G P„. 

We need the following simple fact (see ||De2|| , Proposition 3.1). 



Lemma 4.1 Any object of Rep^ (GL2) is a direct summand of a sum of 
representations of the form Vj®'" ® (V\^)®", m, > 0. 

For (\/,pi,p2) in Rep^ ^(GL2 x GL2) let 0y = P2((^ \ ^^^) : V V . 
Note that if (y,pi,p2) is of the form V{m} with V G 06(Rep^ (GL2)) then 

(t>V{m} = p™ly- 

For \& G Hom(Qp2, M2(Qp)) the underlying vector space of the filtered 
Frobenius module Vq, is Vjj^r. The filtration is defined in terms of the first 
GL2-action pi solely. Consider first the case where {V, pi) is pure of weight 
n. Let Vqut- j be the subspace of f G Vqut such that pi(\l/(a))(t>) = aV(a)"'~*u 
for all a G Qp2 and 

For arbitrary we use the decomposition (|ll]) and set 

Then is an exhaustive and separated filtration on Vqut and we define 
to be Vjjur together with Frobenius $ = 0y ® ci and filtration F^. The 
functor V" (— > from Rep (GL2 x GL2) to MFQur(0, A^) is an exact tensor 
functor. 

The convergent filtered F-isocrystal SiV) associated to (V, pi, P2) in Rep 

*ip 

(GL2 X GL2) is defined as follows. As an isocrystal it is just V <S)Qp 
where (9^ is the isocrystal of example ( ^.4[ ) (a). The Frobenius is given by 
4>v ® ^o-Hp- The filtration is again defined in terms of pi : GL2 — > GL(l^) 
only. Consider first the case (V,pi) = Vi. We have a canonical map of 
sheaves on Hp 

(13) V,®On,^On,,R®f^{z^ R{X - z) f{z)), 
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(where R{X - z): = R{X) - zR{l)). The filtration of VI ®q,^ is given 
by F° = Vi O^, = and is the kernel of (|13D. We get an induced 



filtration on ® (V^r ) for all m,n >0 and thus by Lemma 

on for an arbitrary representation V in Rep (GL2 x GL2). 

Again the assignment V h-> S{V) is an exact tensor functor. For an even 
integer n = 2m we write V„ for £^(l^{m}). 

Lemma 4.2 For (V, pi, P2) in Rep (GL2XGL2) an(i\[^ G i/om(Q„2, M2(Qp)) 
t(;e /iaiJe = V^,, where S(y)if, is the stalk of £(y) at \E'. 

Proof. That the Frobenii are the same is obvious. To see that the filtra- 
tions also agree it is enough, by Lemma ^A\ , to consider the case (V, pi) = Vi. 
Note that (Vi C^-^)^' is generated by evz G (Vi)Q«r = Hom(Pi, Qp*"), 
ew^(P(X)): = P(z) and that 

(^(a) ■ ei;,)(P(X)) = aP{z) = a{ev,){P{X)) Va G Q;2,P(X) G Pi. 

Here z G Qp2 — Qp is the point corresponding to \I' via (|1^). □ 



The filtered isocrystals S(y) constructed above also descend to isocrystals 
on Mumford curves. Let F C SL2(Qp) be a discrete cocompact subgroup 
and X = Xr the associated Mumford curve over Q^'^ so that Xp" = T\Hp. 
Assume first that F is torsionfree. The action of GL2 on S{V) is compatible 
with the action on TCp and therefore S(y) descends to a filtered isocrystal 
on Xr which will be also denote by S(y). We let E(y) be the associated 
coherent locally free Oxp'i^odule E with connection and filtration. 

We will give now a concrete description of the (0, iV)-module structure 
on if^^(Xr, E{V)). For this we have to recall the description of the special 
fiber Hg of H. Let T be the Bruhat-Tits tree for PGL2(Qp); the vertices are 
homothety classes of lattices in Q^. Two vertices Vi,V2 are adjacent if one 
can choose representing lattices Mi, M2 with Mi C M2 C pMi. An oriented 
edge of T is a pair e = (fi,f2) where Vi,V2 are adjacent vertices. We set 
o(e) = f 1, t(e) = V2 and e = {v2, f 1). 

The set of components of Tig is in one-to-one correspondence to the set 
vertices V(T) of T, each component being isomorphic to the projective line 
over Fp. We write {PI}v£V(T) for the set of components of Hs. The singular 
points of Hs are ordinary Fp-rational double points; they correspond to the 
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set of (unoriented) edges of T; two components P^^ , P^^ intersect if and only 
if Vi,V2 are adjacent and in this case transversally in an Fp-rational point. 
The curve Xr has a canonical semistable model Ar whose formal completion 
is r\H. Hence the special fiber of Xr is T\Hs. 

Let C^iVqur) (resp. C^(VQ«r)) be the set of maps / : V(T) Vqnr (resp. 

maps / : S{T) Vqur such that /(e) = —/(e) for all e G S{T)). The short 
exact sequence 



> ^Q^'' * C*'^(VQur) > C^{VQnr) > 

(where d{f){e) = /(o(e)) — f(t{e))) yields an isomorphism 

(14) e : C\VQurf/C\VQu,Y = H\T, Vqur). 

From the above description of we see that the left term in the sequence (^ 
is equal to {VQur)^ / C'^ {Vqur)^ and therefore can be replaced by -^"'^(r, V^^r). 
In this situation we write P instead of the splitting s introduced in the last 
section. Explicitely it is given as follows. We identify H}jj^{Xr, E(y)) with 
the space of l^- valued F-invariant meromorphic differential forms of the sec- 
ond kind on Tip (modulo exact forms). Given such a form uj we let be a 
primitive of it (see [|dSlj] ). Then P is given by 

(15) P : ifi^(Xr, E{V)) H\T, Fq..), ^ ^ (7 ^ l{F.) - F^) 

The monodromy operator N is the composite of i o (— e) o / where / is 
Schneider's integration map (see 



(16) / : Hlj,{Xr,E{y)) C^V^urf ,uj ^ (e ^ Rese(a;)). 

As for the Frobenius we first note that under the isomorphism (|14D we obtain 
a Frobenius on i^^(F, Vqu,-). It is the one induced by the map 0y ® cr on the 
coefficients Vquv 

We will assume from now on that F is arithmetic (see ||dSl|| ). We need 
the following lemma to characterise the Frobenius. 

Lemma 4.3 Assume that F is arithmetic. Then sequence 

H\T, Vq^r) Hl^{Xr, E{V)) M C\VQ.rf / C^V^^rf 

is exact. 
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Proof. We may assume that V is an irreducible representation of GL2. 
Then V = Vn^det'^"^ for some m, G Z, n > 0, hence ^ = as a F-module. 
The assertion follows now from ( ||dSl|| 3.9) and ( ||dS3|| 1.6). □ 



Hence the sequence 

(17) HhniXr, E{V)) ^ HhniXr, E{V)) ^ Hl^{Xr, E{V)) 

is exact and it follows that there is a unique Frobenius operator on H\,j^[Xy^ 
E{y)) satisfying Ncj) = pcpN and which is compatible (with respect to l and 
P) with the Frobenius on H^{r, Vqut). 

It is easy to see that if {V, P2) is pure of weight n then the isocrys- 
tal S{V) on Xr satisfies assumption |3.5| (in fact with the notation there 
H^^y^{x,i*{E{V))) and Hl^y^{C'^,j*{£{V))) are isotypical of slope n/2 and 
n/2 + 1 respectively). 

If F is not torsionfree we define a filtered (0, iV)-module if^^(Xr, 
E{V)) as follows. We choose a free normal subgroup of finite index F' C 
F. The group F/F' acts then on H}jj^{Xr', E{V)) as automorphisms of 
a filtered (0, X)-module and thus the filtered (0, iV)-module structure on 
Hl^{Xr',EiV)) induces one on Hlj,{Xr, E{V)) : = Hl^{Xr,E{V)Y/^' . 
This construction is clearly independent of the choice of F'. 

In the case of an open subscheme U = X^ — S* of the type considered in the 
last section the description of the (0, A^)-module structure on Hj^j^^U, E(y)) 
is very similar. The monodromy operator is defined as before. Let vr : Tip — > 
Xp" be the canonical projection. We identify H})j^{U, E{V)) with the space of 
^-valued F-invariant meromorphic differential forms on Tip which are of the 
second kind when restricted to tt^^{U). The left inverse P : H]^^{U, E{y)) — >■ 
H^{T, Viqut) of L is defined by the same formula ([l5|). We choose for each x & S 



a point £ Hom(Qp2, M2(Qp)) with ti{^x) = x. One can easily verify that 
there is a unique Frobenius on H}jj^{U, E(y)) such that the Gysin sequence 



:i^ 



> HUX,EiV)) > HUU,EiV)) ^fii^ 0^^^ V^AM 

is a sequence of (0, X)-modules and such that P is compatible with Frobenii. 
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5 Representations and Dieudonne module at- 
tached to modular forms 



Let /oo be a modular form of a fixed even weiglit k > A and level and 
assume that the prime number p divides N exactly once. Under certain con- 
ditions on the level one can associate to /oo a modular form / on a Shimura 
curve via the Jacquet-Langlands correspondence and the Galois represen- 
tation associated to /oo can be identified with a direct summand, denoted 
by ^(/), in the p-adic cohomology group of a Kuga-Sato variety over the 
Shimura curve. In this section we will define these representations and show 
- using the results of the previous sections and the Theorem of Cerednik- 
Drinfeld - that they are semistable as representations of the decomposition 
group at p and describe exphcitely their Dieudonne modules using p-adic 
integration. 

To begin with we fix some notation. Put n = k — m = For the rest of 
this paper, N~ denotes a positive squarefree integer with an odd number of 
prime divisors none of which equals p, A^"*" denotes a positive integer relatively 
prime to pN~ and the product pN~ . Let B be the indefinite quaternion 
algebra over Q of discriminant pN~ . We fix a maximal order 7^™*^^ in B and 
an Eichler order of level A^"*" contained in 7V^^^. Associated to these data is 
a Shimura curve X = Xj^+^pj^- whose description as a coarse moduli scheme 
we briefly recall from ||BC|| . 

Definition 5.1 Let S be a Q-scheme. An abelian surface with quaternionic 
multiplication (by TU^^^) and level -structure over S (abelian surface with 
QM for short) is a triple {A, l, C) where 

1. A is an abelian scheme over S of relative dimension 2; 

2. L : 7^™^^ Ends{A) is an inclusion defining an action ofTZ^^^ on A; 

3. C is a subgroup scheme of A which is locally isomorphic to TLjX^TL and 
is stable and locally cyclic under the action of TZ. 

Definition 5.2 The Shimura curve X = X^+^p^- /Q is the coarse moduli 
scheme of the moduli problem 

S ^ { isomorphism classes of abelian surfaces with QM over S }. 

The scheme X is a smooth projective geometrically connected curve over 
Q. We recall its description as a Mumford curve over Qp2. Let B/Q he 
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the definite quaternion algebra over Q of discriminant and let R be an 
Eicliler Z[i]-order of level A^"*" in B. By fixing an isomorphism Bp = M2(Qp) 
the group F of elements of reduced norm 1 in i? can be viewed as a discrete 
cocompact subgroup of SL2(Qp). 

Theorem 5.3 (Cerednik-Drinfeld; see |BC|, Chapitre III, 5.3.1, |C|, 0) 

We have Xq^^ ^ Xr. 

We recall now the Jacquet-Langlands correspondence between cusp forms 
of weight k and level N which are pN~-new and modular forms of weight k 
on X. Let us first clearify the latter notion. 

Definition 5.4 Let K be a field of characteristic 0. A K -valued modular 
form of weight k on X is a global section ofVL'^^j^. We denote the space of 
these modular forms by Mk{X,K). 

We remark that over the field K = Q^'' (or any complete field K (1 Cp 
containing Qp2) one can give a more concrete description of Mfc(X, fT) due 
to theorem |5.3| . A p-adic modular form of weight k for F is a rigid analytic 
function / on Hp defined over K such that 

f(^z) = {cz + dff{z) for all 7 = ( ^ d ) ^ 

The space of these p-adic modular forms will be denoted by Mfc(F) = Mfc(F, K). 
By identifying Mfc(X, Qp**) with the space of global section of ^^py^^ we get 
an isomorphism 

(19) M,(F) — . M,(X, Q7), / ^ f{z)dz^"'^' 

Returning to the case of arbitrary coefficients K the Jacquet-Langlands 
correspondence is an isomorphism (uniquely determined up to scaling) 

(20) Mk{X,K) ^ Sfe(Fo(Ar),ir)P^- — 

/ foo 

which is compatible with the action of the Hecke operators and Atkin-Lehner 
involutions. 

Let foo G S'fc(Fo(A^), Q) be a newform and / G M^^X, Q) the correspond- 
ing newform on X and let F = Ff he the finite extension of Q generated by 
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the eigenvalues of the Hecke operators acting on / (or /oo). Associated to f^o 
is a two-dimensional (as Fp-module) G^-representation V^(/oo)- It is defined 
as a direct summand of the {n + l)-th p-adic cohomology of a suitable com- 
pactification of the n-fold fibre product of the universal elliptic curve (with 
full level iV-structure) over the modular curve X{N) (see [pel|] ). 



A similar construction for / can be done by using the universal abelian 
surface over the Shimura curve. For this we have to work with a more refined 



moduli problem then in definition 5.2. 



Definition 5.5 Let M > 3 be an integer relatively prime to N and S be 
a Q-scheme. An abelian surface with quaternionic multiplication (by 71^^^), 
level -structure and full level M -structure is a quadruple (A, t, C, v) where 
{A, 6, C) zs a triple as zn ^ and p : (7^'""^/M7^'""^)5 ^ A[M] zs a TZ""'''- 
equivariant isomorphism from the constant group scheme {TZ™'"'^ / MTV^""^) s 
to the group scheme of M -division points of A. 

The corresponding moduli problem admits a fine moduli scheme which 
we denote by Xm (see PC|| ). Again it is a smooth projective curve over 
Q (however it is not geometrically connected). We have a Galois covering 
q : Xm — > X with Galois group = G/ {±1} where 

G = Gm- = (7^^'"»7M7^™''^■)* ^ (n/Mny ^ gl2(z/mz) = (r/mr)* 

obtained by forgetting the level M-structure. Let n : A ^ Xm be the 
universal abelian surface over Xm- The action of 'R.'^"-^ on A induces an 
action of B* on i?V*Qp- We let 



L2 : = Pi Ker(6 - N{b) : R\,Qp ^ R^ 

It is a 3-dimensional p-adic local system on Xm- Let 

(21) A„ : Sym'-L2 — ^ (Sym"^"2L2)(-2), 

be the Laplace operator associated to the non-degenerated pairing 

(22) ( , ) : L2 ® L2 ^ R'^n.Qp ® R'^n.Qp ^ i?V.Qp ^ Qp(-2). 
Symbolically (|21|) is given by 

Am (2^1 ■ ■ ■ -^m) ^ ^ (-^j) -^j) X\ • • • Xi • • • Xj • • • Xm- 
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For 72 > 2 we define L„ as the kernel of A^- Note tliat we liave an action of 
G on L„ compatible with the action on Xm- 

Definition 5.6 The p-adic GiQ-representation attached to the space Mk{X, Q) 
is defined to be the representation 



HpiMn)=H\XM,Uf 



where Xm = X^ 



M 'i9Q 



To justify the notation Hp{A4n) note that it is the {n + l)-th p-adic re- 
alization of the motive Ain constructed in appendix |10.1| (see |10.1| ). As in 
Del|| or ( ||Schl|| , section 4) one can define Hecke operators and Atkin-Lehner 



involutions acting on Hp{M.n) (and on A^„). Let T be the subalgebra of 
End(5A,.(ro(A^),Q)P^"-"""') = End(Mfc(X,Q)) generated by the Hecke oper- 
ators ioi l \ N and for i \ N . Then Mfc(X, Q) is a free T-module of rank 
one. By multiplicity one to every newform / G Mfc(X, Q) corresponds a prim- 
itive idempotent ej G T such that CfT = Ff and ej ■ Mk{X, Q) = Ff ■ f. The 
Betti realization Hb^M-u) has a Hodge structure of type (0, n + 1), {n + 1, 0), 
Hb^Mu) ®C = © with ^ Mfc(X, C). The compar- 

ison isomorphism Hb^M-u) ® C = Hp{A4n) ®Qp,t C - where r : Qp C is 
any embedding - shows that Hp{Mn) is a free TQ^-module of rank 2. 

Definition 5.7 The p-adic Gq-representation Vp{f) attached to f is given 
byVp{f)=ejHp{Mn). 



Lemma 5.8 We have Vp{f) = V^(/oo) G^-representations andT -modules. 

Proof: The proof is similar to the one in the weight two case given by 
Ribet ( ||Ril|| , lemme to theoreme 2). The Eichler-Shimura relations imply 



that the traces of the Frobenii at primes (.\ N operating on V^(0) and V^(0') 
are given by the action of the Ti and thus are the same. Cebotarev's density 
theorem and the theorem of Brauer-Nesbitt allow us to deduce that the 
semisimplifications of the (jQ-representations V^(/), V^(/oo) are isomorphic. 
But in |[Ri2| it is shown that V^(/oo) is already a simple (jQ-representation. 



Thus VpU) = VpUoo). □ 



The main result of this section is 
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Theorem 5.9 Considered as a GiQ^-representation Hp{M.n) is semistable. 
We have an isomorphism of {(p, N) -modules (canonical up to scaling) 

Proof. For the first statement it is enough to see that ifp(A^„) is semistable 
as a (jQ«r-representation. 

Over Qp** the curve Xm admits a p-adic uniformization similar to [5 .31 . We 
have (see PQ| , Chapitre III, 5.3.1) 

(23) {XMT^ur = TMHp X {R/MRY) 

where V acts diagonally on Hp x {n/MTZ)* (on the factor (n/MTl)* an 
element 7 G F acts by left multiplication with 7 mod M). Since the or- 
bits of the F-action on (TZ/MTZ)* are the fibers of the reduced norm Nrd : 
{n/Mny {Z/MZy we can write (H) also as 



(24) {XM)Qur = Yi ^m\Hp 

where F^: = {7 G F | ga = 1 mod M}, i.e. (Xm)^^^ is the disjoint union 
of Mumford curves X^j^j (indexed by the set (Z/MZ)*). The representation 
dH) has the advantage that the action of G{Xm/X) = {11/ MU)* on the left 
hand side is more transparent (namely for g G {TZ/MTZy it is given by right 
multiplication with g~^ on the second factor). 

To deduce ^.9| from theorem |3.6| we need an explicit description of the 
filtered isocrystal Yi^Qii^A/ Xm) (over Q7). Note that H})^(y^/XM) carries 
a natural i3Q«r-action induced by the 7^'^^^-action on A. 

On M2 we have the following two commuting left GL2-actions pi,p2 : 
GL2 GL(M2) given by 

Pi{A){B): =AB P2{A){B): = BA 

for A G GL2 and B G M2. Here for A = ^ ^ ^ ^ G M2, A denotes 

the matrix ^ ^ ^. Let £{M2) be the convergent filtered F-isocrystal 
attached to {M2, pi, p2)- 
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Lemma 5.10 There exists an (up to scaling) canonical isomorphism of fil- 
tered isocrystals on Hp 

H1,^(^/Xm) = ^(M2). 



Proof. This is essentially proved in section 5 of |[Fa2|| . We will explain 
how the result shown there can be reformulated as above. 

Let D = Bphe the unique quaternion algebra over Qp with maximal order 
Od- Explicitely it can be written as D = Qp2[n] with 11^ = p, Ux = a{x)Il. 
We recall the description of H as the moduli space of special formal Od- 
modules. Let i? be a Z^^-algebra. A formal group G over R with CD- 
multiplication is called special if the tangent space of G is a free Zp2 R- 
module of rank 1 (where Zp2 acts on G via Zp2 ^ D). Fix a special formal 
group Go over ¥p. Then Ti. represents the functor which associates to every 
Zp^'-algebra R on which p is nilpotent the set of isomorphism classes of pairs 
(G, A) where G is a special formal group over R and A : G: = G®rR/pR —>■ 
Go (S>fp R/pR is a Qp-isogeny of height of special formal Od -modules, 
i.e. A = p~^Xo for some positive integer h and isogeny Ao of height h. Let 

A) be the universal such pair over H. The algebra Endc)^(Go)p of Qp- 
homomorphisms of Gq is isomorphic to M2(Qp). We fix such an isomorphism 
Endc)^(Go)p = M2(Qp). It induces compatible GL2(Qp)-actions on Q and 

n. 

Let H^^^{Q /H) be the dual of the Lie algebra of the universal vectorial 
extension of Q. It is a filtered convergent F-isocrystal on Ti. Let D(Go) be the 
Dieudonne module of Go and define if^j.jg(Go) to be the dual of D(Go). Then 
as a convergent F-isocrystal H^-^{Q /TC) is constant isomorphic to H^j.^^{Gq)<S) 
(the isomorphism is induced by the isogeny X : Q Go). The Qp^- vector 
space if4is(^o) is endowed with the following structure: 

• A cr-linear Frobenius $ : H^j.i^{Go) if^j.is(^o) such that (if^^j,jg(Go), $) is 
isotypical of slope |. 

• A D-module structure given by an embedding j : D EiidQur(H^^^^{Go)) 
which commutes with $ and such that H^^^^{Go) is a free D Qp^-module 
of rank 1. 

• A Qp-algebra embedding l : M2(Qp) — > EndQ«r(if^j.jg(Go)) (induced by 
the isomorphism Endc)^(Go)p = M2{Qp)) which commutes with the D-action 
and the Frobenius. 

Set = j(n)"^$. Then {H^^-^^{Go),(^') is isotypical of slope , hence 
V: = iJ^\ig(Go)* "^"^ is a four-dimensional Qp- vector space. Therefore H^j.^^{Gq) 
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— VQ«r and under this isomorphism $ corresponds to </)y(8>cr where (pv denotes 
the restriction of j(n) to V . Thus we obtain an isomorphism of convergent 
F-isocrystals 

(25) Hl^{g/n) - V 

where the Frobenius on the right hand side is given by (py ® ^Oup- By 
restriction, the embedding l induces an embedding li : M2(Qp) End(Qp(\^) 
and it is shown in | [b'a2| ] that the fihration on H^^(Q /Ti.) corresponds under 
([25| ) to the fihration on V induced by the representation rji : = 



'■I |gl2: GL2 — > G'L{V) as in section ^. 

Let Z be the centrahzer of ii(M2(Qp)) in Endq^iV). Note that (py & Z 
and (pl = p. Clearly Z = M2(Qp). Choose an embedding L2 : M2(Qp) 

/ p \ 

Endq^iV) with image Z and such that '■2(1 / ~ ~ 
62 |gl2: GL2 — > GL(\^). Then ( ^5|) can be interpreted as an isomorphism 
HhRiG/n) = £i{V,ri,,ri2)). On the other hand (V^, 771,7/2) = (M2,pi,p2). 
Thus we finally obtain an isomorphism of filtered F-isocrystals 

(26) Hl,niO/n) = SiM^). 

and the Lemma follows by descending ( PBD to Xp. □ 



It is apparent from the construction of ( p6D that there is an isomorphism 
Dqur = Bqut = M2{Qp^) such that the DQur-action on the left hand side of 
(|26| ) is compatible with the p2-action of GL2(Qp'')-on the right hand side. 

Hence from Lemma p.lO| we obtain also an isomorphism of filtered isocrys- 
tals with i^Qur-action 

Note that {M2, pi, P2) is canonically isomorphic to Vi Vi. Hence 

{A^M2, AVi, AV2) = AVi © SymVi © SymVi © A^Vi = {1}V2 © V2{1} 

and therefore flfeGB'^. Ker(6 - N{b) : S{A^M2) ^ ^(A2M2)) = V2. 
Applying theorem p.6| (a) we obtain 

At,Q^'-(-f^lt(-^M,IL2)) = i/j!)R((XM)Q«r, V2). 
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Passing on both sides to G-invariants yields an isomorphism 

(27) D,,,Q.riH,iM2)) = H^Xr, V,) 

i.e. the assertion for n = 2. 

Now let n > 4. There exists a canonical nondegenerated symmetric 
bilinearform in Rep^ (GL2) 

(28) < , >:V2^V2 — ydet^' 

whose definition we briefiy recall from ( ||BDIS|| , 1.2; actually ( pSj) is — 2x the 
pairing considered there). Let U = {U G M2 \ trace([/) = 0} with right 
GL2-action 

U ■A = AUA 
ioT U eU and A e GL2. For U eU we set 

(29) Pu{X) = trace (f^ ( f -X ) ) 

The map U V2,U ^ Pu{X) is an isomorphism of right GL2-modules. 
There is a pairing on V2 given by 

< PuA^), Pu^X) > : = -trace(f/iI72) WUi, U2 G U. 

The isomorphism V2 V2, R{X) ^ (P(X) ^< R{X),P{X) >) yields the 
pairing (p8|) by transport of structure. Note that < Avi,V2 >=< vi,Av2 > 
for all Vi,V2 G V2 and A G GL2. 

By ( ||BD1S|| , 1.2) the GL2-subrepresentation V2m of Sym'^V2 is the kernel 
of the Laplace operator associated to (pSf) 



(30) A : Sym™V2 — > Sym"" V2 ® det® 
By tensoring (^) with det*^ we obtain a pairing 

(31) < , >: V2{1}®1^2{1}-^{2|2}. 
We need the following elementary lemma. 



27 



Lemma 5.11 The pairing (jHTj) coincides with the pairing 

^{1} ® V2{1} ^ A^Ms ® A^Ma — > A^Ms = {2|2} 

(as a map in Rep (GL2 x 0^2)). 

yip 

By applying theorem 1.5 (a) to — >■ Xm and using the Kuenneth formula 
for H^j^{Ay Xm) one can easily deduce from Lemma |5.1CI| that 



D,,,Qur{H\XM,Sjm^h2)) = H^^{{XM)Qur,Sym^V2), 
for alH > 1. Lemma |5.11| implies that the diagram 

At,Qr(^'(^M,Sym™L2)) /JiR((XM)Q^.,Sym"^V2) 



D,,,Qur{H\XM,SYm"'-'h2)) 



^^DR((^M)Q,"^,Sym™-2V2 



commutes where the vertical maps are induced by (21) and (^) respectively. 
Hence the kernels of the vertical arrows are isomorphic as well. Passing again 
to G-invariants yields Theorem |5]^ in the case n > 4. □ 



Remark 5.12 The pairing (|3TD induces a symmetric bilinearform 

(32) < , >: V; (g) K — ^ det 



(compare | [BD1S|| , 1.2). It follows from Lemma [5.11| that the (nondegenerate) 
pairing 

(33) < , >: H^niXr, V„) ® H^n{Xr, V„) Hl^{Xr, V„ ® V„) 



Hd^^Xy) 

(where (*) is induced by (|32|) ) is given by the cup-product 
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hence under the isomorphism (^) coincides with the map 

(34) At,Q^'-(^p(-Mn)) ® D,,^Qur{Hp{Mn)) %'[2m + 1] 

induced by the cup-product L„ (g) L„ ^ Qp[— More precisely the isomor- 
phism ( |27| ) can and will be chosen in such a way that it is compatible with 
to (^) and (|3^ . This fixes it up to sign (and not only up to scaling). 
Hence we can view (|33|) as a map 

(35) < , >: i/iR(Xr, V„) ® i/i^R(Xr, V„) — > Q7[2m + 1] 
in MFQm-(0, A^). 

We finish this section by describing explicitely the sequence of Dieudonne 
modules of a certain Gysin sequence associated to a finite number of rational 
points on X. Let xi, . . . ,Xr G X(Qp'') and fix points zi, . . . ,Zr G 7ip(Qp'') 
such that Fzj = Xi (under the isomorphism X(Qp'") = r\7ip(Qp^). For 
simplicity we assume that the stabilizers of zi, . . . , in F are all {±1}. Let 
Xq = Tm\Hp be one of the components of {Xm)qp and let x[ : = T^Zi G X' 
and f/' their complement in {Xm)qp- We have a short exact (Gysin) sequence 
of G^ur-modules 

r 

H\Xm,K) H\U ^Qur 07, (L„),.(-l) ^ 0. 

i=l 

Let 

r 

(36) Hp{Mn) ^ ^ (L„)3,^(-l) 

i=l 

be its push-out under the canonical projection /7^(Xj\/,L„) Hp^M.^)- 
Similarly as above we can deduce from Theorem |3.6| (b) the following 

Theorem 5.13 After applying Dst,Q'^r the sequence ([36| ) becomes isomorphic 
to the sequence of filtered {(p, N) -modules 

(B Res 

. HUXT,Vn) > HUU,Vn) ^ e(V„).Jl] > 

where U : = Xqur — {xi, . . . ,Xr}- 

29 



Remark 5.14 In particular for x G Xm{Qp^) and z G Tip lying above x 
there is a canonical isomorphism 

It is easy to see that it respects the pairings on both sides induced by the 
cup product hn ® IL„ — > Qp[— n] and (|3^) respectively. 

6 Comparison of /^-invariants 

As in the last section let /oo be a newform of weight k > 4 and level 
corresponding to a newform / on X. The exceptional zero conjecture of 
| |lVri"l'| | relates the derivative of a p-adic L-function to the value of the complex 
L-function of /oo at the central critical point |. In this conjecture a certain 
local factor £(/oo) appears the so called /^-invariant of /oo- Three possible 
definitions for it have been given. The Fontaine-Mazur /^-invariant CpMifoo) 
is defined in terms of the semistable Dieudonne module DstiVp^foo))- The 
/^-invariants of Teitelbaum and Coleman, £r(/oo) and Cdfoo) are defined 
in terms of p-adic integration on the Shimura curve X and the modular 
curve Xo{N) respectively. The exceptional zero conjecture for /oo has been 
proved by Stevens (using £c(/oo)) and by Kato, Kurihara and Tsuji (using 
CpMifoc))- In | JBD1S| | a version of the exceptional zero conjecture is proved 
involving the anticyclotomic p-adic L-function of /oo and Cxifoo)- 

In this section we show that CpM^foo) = ^rifoo)- Our proof is based 
on the explicit description given in the previous section of the Dieudonne 
module of ^(/oo) — Vpif) (or more precisely of Hp{A4n)) considered as a 
representation of the inertia group Ip = Gqnr which in turn is based on the 
comparison theorems of Faltings and Coleman- lovit a. 

We begin by giving an explicite description of the Hodge filtration of 
H\Xr,Vn) = H^niXr,Vn). 

Proposition 6.1 We have, 

( H\Xr,Vn) 2/^<0, 

rH\Xr, Vn) = { Mk{T) ifl<i<k- 1, 

[ ifi>k 
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Proof. For i G {1, . . . , n} we let d' E Vn^OiHp) be given by d'{z){P{X)) 
■ = i-^Pi^))\x=z for z G Hp, P{X) G Vn- It is easy to verify (and will be 
left to the reader) that the filtration J^'Vn on Vn is given by 

[Vn ifj<0, 
^'Vn={ Y.UOn,d^ ifO<j<n, 
[ if 2 > n + 1 

Consequently F'H^{Xr,Vn) = H\Xr,Vn) if i < 0, F'H\Xr,Vn) = if 
i > n + 2 and the image of the embedding 

Mfc(r) H\Xr, Vn), f{z) ^ujf. = f{z)d'^ ® dz 

lies in F"+iifi(Xr, V„). Hence, 

dimF"+iiJi(Xr,V„) > dimMfc(r) = ^ dimifi(Xr, V„) 



(see ||dS3|| ). Since F^ and are orthogonal with respect to (^) we obtain 

dimF"+^ < dimF^ < dimi7^(Xr, V„)/F"+^ < ^ dimi7^(Xr, 
and therefore = = . . . = = Mfc(r). □ 



By Theorem p.9| , lp(/) - considered as a Gq -representation - is semisim- 
ple. The associated Dieudonne module L'st,(Qp(V^(/)) is a two-dimensional 
F^p-module where F = Ff. The Fontaine-Mazur /^-invariant of foo is de- 
fined as the /^-invariant of -Pst,Qp(^(/ oo)) = At,Qp(V'p(/)). The following 
result has been conjectured by Mazur ( ||Ma|| , section 12). 



Lemma 6.2 D st,Qpi^pif )) ^■^ ^ monodromy FQ^-module. 

Proof. By remark (a) above it is enough to consider P>st,Qp''(^pif)) 
instead. Clearly property (i) of |2]^ is satisfied and that (ii) holds is a conse- 
quence of the exactness of ([T7|) . Proposition |6. 1| implies that F"^~^^ Dst,Q^^ iVp{f)) 



ej{F^+^H\XT, Vn)) = e/Mfc(r), hence F^+^ D,,^Qur{Vp{f)) is free a Fq.. 
module of rank 1. Finally the fact that the restriction of N : H^{Xy, Vn) - 
H^{Xr,Vn) to Mfc(r) is injective (see 3.9) implies that 



F'^+^D^t^QuAVpif)) n Ker(iV) = 0. 



□ 
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Definition 6.3 The Fontaine- Mazur C-invariant CpMif) of f (or foo) is 
defined as the C-invariant of the monodromy module Dst^Q^{Vp{f)) . 

We also recall the definition of the Teitelbaum /^-invariant Cxif)- Let 
Po : MkiV) H^iX, Vn) be the composition of the inclusion 

Mfc(r) = F™+i/7i(Xr, V„) ^ H\Xr,Vn) 

with the map P, i.e. P{f) is represented by the cocycle 7 ^— 7(-F/) — Ff 
where Ff is a primitive of a;/. Both maps Pq and 

(37) Mfc(r) ^ H\Xr,Vn) ^ H\T,Vn) 

are homomorphisms of free TQur-modules of rank one and (|37D is an isomor- 
phism. Hence there is an element Ct £ T^m- with Po{g) = CT^{I{ujg)) for 
every g G Mk{T). Then £t(/) : = efCr G e/TQ«r = F^^r. 

Theorem 6.4 Let f e Mfc(X,Q) 5e a newform. Then, CpMif) = J^rif)- 

Proof. To simplify the notation we work with Dst{Hp{Ain)) — T[^{Xr, V„) 
rather than -Dst,Q^'-(V^(/)) (though strictly speaking -Dst,Q^^(V^(/)) is not a 
monodromy T^^-module in the sense of definition |2.2| since Tq^ is in general 
not semisimple). The slope decomposition of if^(Xr, V„) is of the form 

(38) H\Xr,Vn) = H\Xr,Vn)m(B H\Xr,Vnym+i. 

where H'iXr,Vn)m = tiH^T^Vn)) = Ker(iV) and H\Xr,Vn)m+i is the 
kernel of P. If we decompose an element x G H^{Xr, V„) as x = Xm + Xm+i 
according to (|38| ) then Ct is thus characterised by the property 

CtN{x) = -x.m Vx G F'^+'H\Xr, Vn), 

whereas Cfm = '^FM{H^{^r,Vn)) ^ TQ^r is characterised by 

a; - CfmN{x) G F"^+i/7i(Xr, V„) Vx G iJi(Xr, V„)„+i. 

By (| |d!S3| |, Theorem 1.6) any element x of H^{Xr, V„) can be uniquely written 
as X = x' + x" with x' G F^^^ and x" G H^{Xr,Vn)m- Therefore if x G 
H^{Xr, Vn)m+i then x'^ = — x" and thus 

X - £TiV(a;) = x' + x" - CtN{x') = x' + x" + x'^ = x' G F'^+\ 

Since this holds for all x G if^(Xr, V„)m+i we conclude Ct = Cfm- ^ 
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7 The ^-adic Abel-Jacobi map 



In this section we will define the p-adic Abel-Jacobi maps for the motives 
A4n (see appendix |10.1|) where n = 2m is a positive even integer. It is a 



map from the Chow group Cif™^^(A^„) to the dual of the space of weight 
fc-modular modular forms on X. 

We begin by reviewing briefly the definition of the cohomological ^-adic 
Abel-Jacobi map (see e.g. [21] )• Let i^T be a field of characteristic and i 
a prime number. For a smooth projective variety X over K we denote by 
CH\X) = CH^{X)q the Chow group of codimension i-cycles (with rational 
coefficients) and by CH\X)o be the subgroup of cycle classes homologous 
to zero, i.e. the kernel of the cycle class map 

(39) d = d^'' : CH\X) — > H^\X, Qeii))^" 

where X: = X®kK. The map (H) factors through Hli^^{X, <^i{i)). The 
£-adic Abel-Jacobi map 

(40) 

c/o = d^'^ : CH\X), ^ Hl^,{K,H^^-\XM{))) = Ext'a^{Q,, H''-\X X 

is defined as follows: Let z G CH\X)q and Z he a cycle representing z. 
Then do{z) is the extension class 

(41) H^'-\X,Qe{t)) ^E^Q,^0 

given by the pull-back of 

H^^-\X,QS)) H''-\X-\ZlQei{)) 



^ Ker(i^||(X,Q,(z)) ^ H'\X,Qeii))) ^ 
via Q, = Q, • dJiZ) ^ if||(X, Qe{t)). 

Let be a finite extension of Qp. For any p-adic Galois representation V 
of Gk, Bloch and Kato and Nekovar have introduced subspaces Hj{K, V) C 
Hi{K, V) C HliK, V) of H\K, V) given by 

H}{K, V) = KeT{H\K, V) ^ H\K, V B,,,,) 
Hi{K, V) = Ker{H\K, V) ^ H\K, V B,,) 
HliK, V) = KeT{H\K, V) ^ H\K, V 5dr) 
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(for the first and the last see |[Bf<j| and for the second see ||Me2|| ). It is known 
|[Ne2|| that if \^ is a semistable (resp. cristalline, resp. de Rham) representation 



of G;^ then Hi{K, V) (resp. H){K, V), resp. Hl{K, V)) can be identified with 
the group of extension classes of V by Qp in the category of semistable (resp. 
cristalline resp. de Rham) representations of Gk- 

Lemma 7.1 Let X he smooth projective variety over K . Then the image of 
g^fori = pzs contained m HHK, H^'-\X, Qp(«))). 



Nekovar has anounced a proof of this fact in (see |[Ne4|] ). His argu- 
ment is based on a spectral sequence relating Ext-groups in the category 
of semistable p-adic representations to log-syntomic cohomology. If X has 
good reduction a proof along these lines appears already in ||Ne5|| . Neko- 
var has indicated also a different approach for proving this lemma ( ||Ne4 



3.11): firstly by using de Jong's theorem on alterations he shows that it 
is enough to consider the case where X has semistable reduction ( |[Ne4|| , 



page 6 above). Then H (X,Qp(i))) is a semistable representation (see 
ig) and therefore H^,iK, H^^-\X,Qp{i))) = Hl{K , H^'-\X , Qj,{i))) by 



( [[Hyll or ||Ne2|| , proposition 1.24). Consequently it is enough to show that in 



the extension (^) corresponding to an element z G CH^{X)o, the middle 
term is a de Rham representation or - if Z be a cycle representing z - that 
H'^^~^{X — \Z\,Qp{i)) is de Rham. However this follows from |]Ki| where it 



is shown that H^^ ^{X — \Z\,Qp{i)) is potentially semistable hence de Rham. 



Now assume that 7^ is a number field and let f be a place of K above 
p which for simplicity we assume to be unramified over p. Let X be a 
smooth projective variety over K and assume that H^{X,Qp) is semistable 
as a representation of the local Galois group Gk^ for all j. Then the functor 
Dst,Ky yields isomorphisms 

(42) H'%X,Qp{t)f-^ = T{D,,,KSH'\X,Qpm, 

(43) Hl,iK,,H'^-\X,Qpm = ExtLp,4GKj(Qp'^'^"'(^'Qp(^))) = 

= ^^^F^^j^^mi^MDs.iH'^-'iX, Q,))), 

where for a filtered (0, A^)-module D, T{D) is given by 

T{D) = Romj^jpad {K^, D) = F^D f] d^='^'^=^. 
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By composing (^) and ppj ) for i = p with the restriction maps for K^/K 
and with (^21) and (|43|) respectively we obtain maps 



(44) c/ = c/^'^ : OT(X) r(Z},t,K„(i^''(X, Q,(z)))) 



(45) do = : CW{X)o Exti,^„,(^^^)(ir4^], At,A'„(^'^-'(X, Q^))). 

One can easily extend the definition of (^), (|40|), (|4^) and (|45|) to Chow 
motives. In the following we use the notation of the appendix |10.1| (for 
definitions and general facts about Chow motives we refer to |pch2|] ). Note 
that Corr(X, X) acts on the source and the target of (|39| ) and ( |iO| ) and that 
both maps are homomorphisms of Corr(X, X)-modules. Thus if = {X,p) 
is a motive over K such that its p-adic realizations are semistable as Gk„- 
representations we obtain maps 

(46) d = c/^'' : CH\M) r(At,i^„(i^?(-^)(0)), 



(47) CH\M)o Extl ,^^^^^{K,[i],D,,,kM?-\M))). 



This applies in particular to the sequence of motives Ain- By Lemma p.0.1 
of the appendix we see that CH'^+\lMn)K)o = C R-^^^^Mn) k) ■ Lemma 

together with ( |[Ne2|| , 1.27) (and appendix |10.1| ) shows that the target of 
(|47| ) for M. = {Mn)K, i = m + 1 can be identified with 

(48) Exti,^.. (^_^)(ir,[m + 1], D,,,j,^iH,iMn))) = H^i\{M^)KM F^+' 

Definition 7.2 Let 

Pk = Pk,v : CH"'+\{Mn)K) Mk{X,KX 



be the composite of (^Tf) (for M. = Ain, i = m + 1) with (^81) . It will be called 
the v-adic Abel-Jacobi map for {J^n)K- 
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Let K "-^ Qp'' be an inclusion which induces the place v of K. By 
abuse of notation we will denote the composition of pk,v with the inclusion 

Mk{X,K,y ^ Mk{X,Q;^y = M,(r)^ also by pK 

(49) PK = PK,. : CH"'+\{Mn)K) — Mk{Vy. 

Let P be a closed point of {Xm)k and let be the fiber of {A^)k 
{Xm)k over P. We assume that the residue field L: = K{P) of P is 
Galois over Q and that p is unramified in L. We let P be the image of P 
under p : {Xm)k Xk with residue field H (later K will be an imaginary 
quadratic field and P a Heegner point so that H is the Hilbert class field of 
K and L = H{pm))- Our aim is to compute the image of a cycle class under 
( |1D| ) which has support on A^. More precisely we fix an embedding L —>■ Q^^ 



which induces the place f on i^' (the induced place on H and L will be also 
denoted by v). It determines a point on {XM)Q^r above P which according to 
(p^ ) can be written as Tmz, z G Hp (lying in one of the components Tm\Hp). 
We also assume that the stabilizer of z (in F) is {±1}- 
There is an exact sequence of Gi-modules 

(50) 0-^ H\XM,U)im+l) ^ H\XM-{P®LQ),U)im + l) 



— . (L„)p^^^(m) = if;-((^^,6„)/L)(m) — . 0, 

where Hp"^{{Ap,en)/K) is the p-adic realisation of the motive {Ap,en)/L. 
Let 

(51) — ^ Hp{Mn) {m + l)^E^ (L„,) p^^Q(m) 

be the push-out of ( pUD under H^{XM,^n) Hp{jvi^). By restricting the 
Galois action to G^ur C Gl and applying -Dst,Q^'- to (|51|) we obtain a short ex- 
act sequence in MF^r{(t)-, N) which according to Theorem p.l3| is isomorphic 
to the sequence 



(52) 
— 

where U : = Xp — {Tz}. 



H\XQur, Vn)[-{m + 1)] ^ H\U, Vn)[-{m + 1)] (V„),[-m] 
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Proposition 7.3 The diagram 
(53) 

CH--+\{Mn)H) 



PH 



r((v„).[-m]) 



commutes. Here the upper horizontal map is the composition of ( ^61) for 
M. = {A'p,en)/L with the restriction map to Qp"^ . The right vertical map is 
induced by {A'^)h o-nd the left is a connecting homomorphism in the 



long exact Ext-groups sequence corresponding to ([5^). 

Proof. This can be easily deduced from tlie commutativity of tlie diagram 



(54) 



e„C/7-((^^,e„)) 



e^CH-^^\{AnH] 



enH^"'{A'^^LQ,Qpim)f^ 



Hi^,{L,e,H^"^~\{A" 



»)) 



where the lower arrow is given by the composition 



Hl^,{L,er.H'"^-\iAnQ,Qp{m))). 

□ 



8 Heegner cycles 

In this section we define Heegner cycles. They are not really algebraic cycles 
but elements in CH"^^^{Ain)- We then compute their images under the 
p-adic Abel-Jacobi map. 

To begin with we recall the definition of CM-points and Heegner points 
on X = Xjv+,pAr-. Let F be a field of characteristic 0. Recall that any F- 
valued point of X can be represented by an abelian surface with QM, i.e. by 
a triple {A, l, C) where A is an abelian surface, l : 7^™*^^ — > Endi7(yl) a ring 
monomorphism and C a cyclic subgroup of order in A which is stable 
under the action of the Eichler order TZ. The abelian surface A is said to 
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have complex multiplication if End7^max(A) 7^ Z. In this case it is an order 
O in an imaginary quadratic number field and A is said to have complex 
multiplication by O. An F-valued point on X is called CM-point if it can 
be represented by a triple {A, l, C) such that A has complex multiplication. 
It is called Heegner point if {A, t, C) can be chosen so that A has complex 
multiplication by O and C is O-stable. 

Before we proceed with the definition of Heegner cycles we need to deter- 
mine the structure of the Neron-Severi group (tensored by Q) of an abelian 
surface with QM. Let A be an abelian surface over F, l : T?.™*^^ — >■ EndF(^) 
a monomorphism and set NS(y4)Q = NS(A) ®2 Q. We have a natural right 
i3*-action on NS(y4)Q given hj C ■ b = L{b)*{C). By ad°(i3) we denote the 
representation of B* consisting of elements of trace = on which B* acts 
from the right hj u ■ b = bub. 

Lemma 8.1 As a right B* -module NS{A) ® Q decomposes as follows into 
irreducible B* -representations. 

(a) If A has no complex multiplication then NS{A)q = a(f{B). 
(h) If A has complex multiplication then NS{A)q = adP{B) © Nrd where Nrd 
denotes the one- dimensional representation of B* given by the reduced norm 
Nrd : B* Q. In this case the two summands are orthogonal to each other 
under the intersection pairing on NS{A)q. 



Proof. See [|Be|. □ 



We fix now (for the rest of this paper) an imaginary quadratic number 
field K. We denote the non-trivial automorphism of i^T by a 1— »• a. We assume 
that the following conditions hold. 

• The discriminant > of i^" is relatively prime to = N~^N~p. 

• All prime divisors of N~p are inert in K. 

• All prime divisors of A^"*" are split in K. 

Note that the second condition implies that the prime ideal pOx splits 
completely in the Hilbert class field H/ K. For simplicity we also assume that 
0*p^ = {±1}, a condition which is satisfied as soon as > 4. 

In the case where A has complex multiplication by Ok we can pick a 
canonical generator (up to sign) of the one-dimensional subspace of e2NS(y4)Q 
C NS(y4)Q where B* acts via the reduced norm. 
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Proposition 8.2 Assume that A has complex multiplication by Ok- Then 
there exists an element i/h in NS{A) such that 

(a) i{h)*{ycM) = N{b)ycM V 6 G 7^ 

(b) The self-intersection number ofycM is = —2Dk (thus ycwi G e2NS{A)Q). 
Up to sign, ycM is uniquely determined by these properties. 

Proof. The uniqueness of ±ycM follows immediately from ( |8.1D . For the 
existence we note first that 

End(A) ^Ok® 7^°'^" = M2{Ok). 

Once we have fixed a bijection End(y4) M2{Ok) we get an isomorphism 
A = E X E where E is an elliptic curve over H with End{E) = Ok- Denote 
by ^^ ^Dk graph of the endomorphism \J —Dk G End(-E'). Then 

VCM-- = [r^^u^] - Dk[0 xE]-[ExO]e m{A) 

has the desired properties (see ||Ne3|| , 11.3.3(3)). □ 



A Heegner point on X associated to is a Heegner point which is repre- 
sented by a triple {A, l, C) where A has complex multiplication by the ring 
of integers Ok of K (and C is stable under the Oi^f-action). Since from now 
on we are dealing only with Heegner points associated to K we often drop 
the reference to K. 

Let t denote the number of prime factors of N and h the class number 
of K. There are precisely different Heegner points on X associated to K 
which are all defined over the Hilbert class field H of K (cf. [|BD1|] , 2.5). Let 
W = (Z/2Z)* denote the subgroup of Aut(X) generated by the Atkin-Lehner 
involutions Wi : X ^ X , for i a prime factor of and let A = PicIOk) 
which we identify with Gal{H/K) via the Artin map. There is a natural 
action of W x A on the set of Heegner points which is free and transitive. 

To define the Heegner cycle for we have to work again with the finer 



moduli problem |5.5| . We fix an integer M > 3 relatively prime to A^ and let 
q : Xm —>■ X he the projection and n : A ^ Xm be the universal abelian 
surface. Let P be a Heegner point on X (viewed as a closed point on Xh) 
and let P be any point of {Xm)h above P. The fiber Ap is an abelian surface 
with EndTZ"^ax{Ap) = Ok- Hence by proposition there exists an - up to 
sign - unique element y^M P ^ NS(^p) satisfying (a) and (b) of We 
choose a representative zp of y^MP e2Pic(^p) = e2CH^{Ap). 
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One can choose the elements zp, P G q^^{P) in such a way that they 
are compatible with the G = (jM-action. More precisely any g E G extends 
uniquely to an automorphism A ^ A, also denoted by g, and thus induces 
an isomorphism 

g : Ap > ■^g{P) 

for P G q^^{P). We require that the elements zp G e2CH^{Ap) satisfy 
(55) g^{zp) = Zg^p-^ 

for all P G q-\P) and g e G. 

We define the cycle class yp = i/p^ in GH'^{{M.2)h) to be the image of 
Zp under 

e,CH\Ap) e^GH^An) {e,GH\AH)f = GH\{M,)h) 

with = Ylig^cd ^ Ql*^]- By (|55D this is independent of the point P we 
have chosen above P. 

We also require that the elements {yp} are compatible with respect to 
the action of the Atkin-Lehner involutions and the A-action. Any G W 
extends canonically to an involution w : Xm — > Xm which commutes with 
the G-action. Also the action of A on if induces an action on {Xm)h^ A^ 
etc. which commutes with the W- and G-operations. We can choose the 
elements zp for different Heegner points P and P G q^^{P) so that 

W^:{Zp) = Z^f^py 5*{Zp) = Zgj^p-j 

for all w G W and 5 G A and all P. With this normalisation we obtain 

'w*iyp) = yw{p), 5*{yp) = ysiP) Vw g W, 5 g A. 

Remark 8.3 Albeit the cycle class G GH^{{A4n)H) is defined using zp G 
GH^{Ap) conjectures of Bloch and Beilinson would imply that it depends 
only on the the class of zp modulo homological equivalence i.e. on y^^jp- 

For arbitrary (even) n > 2 we define cycles y^p^ G Cif™"*"^((A^„)//) as 
follows. Firstly for P G q~^{P) let z^-^ be the image of the mth exterior 
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product Zp X . . . X Zp under the projector e„ acting on CH"^{A'p). Then 
y^p^ G C H"^~^^ {{Ain) h) is defined as the image of z^~^ under 

As before y^p^ does not depend on the point P above P and we have 

(56) w*(?/p"^) =2/5p)' ^*iyp^) = VsiP) 

for all w G W, 5 G A and all Heegner points P. The cycle class y^p^ is called 
Heegner cycle on A^„. 

We want to compute the image of y^p^ under the map pn (cf. (^)). For 
that we need to recall the p-adic analytic description of the set of Heegner 
points on X given in ([ [BD2i , section 5). Let O: = Ok[-]- An embedding 
: K B is called optimal if "^{O) C R. The group F acts naturally by con- 
jugation on the set of optimal embeddings and we denote by emb{0, R) the 



set of conjugacy classes (note that contrary to [ BD2 | we do not consider ori- 
entations here). For an optimal embedding \1/ we denote by [\E'] G emb{0, R) 
its class. There is a natural action of Pic((9) = A on emb{0, R) given as 



follows (see ||BD1S|| , 2.3). Let a G A and choose an ideal a E O representing 



it. Let \E' : — > i? be an optimal embedding. The right order of the left 
i?-ideal i?\I^(a), denoted by Ra, is an Eichler Z[^]-order of level A^"*" in B. 

The right action of \l/(0) on i?\l/(a) yields an embedding \l'o : (9 ^ Ra- Since 
all Eichler Z[i]-orders are conjugated there is an element a E B* such that 
ordp{Nrd{a)) = and R = aRaa^^. Then, 

(57) a-m-. =m. 

By ([ [BD2|| , section 5) there is a bijection 



(58) Heegner points on Xh < — ^ emb(C, R) 

which is compatible with the A-action on both sides. It is given as follows. 
We fix an embedding t : H^hm) ^ Qp** and denote by v be the corresponding 
place of H^hm) (and also of H). The embedding l allows us to identify 
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Kp-. = K and with Qp2 C Q'^'^. Using the p-adic uniformisation |^ 
of Xq 2 "we view emh{0, R) as a subset of X{Kp) via 

(59) emb(0, R) ^ T\}iom{Kp, Bp) ^ r\Hom(Qp2, M^iQp)) = X^iKp) 



The image of emb((9, R) under ( ^91) is the set of Heegner points (considered 
as a subset of X{Kp) via X{H) ^ X{H^) = X{Kp)). 

Let P be a Heegner point and let \l/ : ^ i? be an optimal embedding 
corresponding to P which we view as an element of Hom(Qp2, M2(Qp)) C Tip. 
We fix one of the components Tm\Hp of {Xm)q^^ and let P G q~^{P) be the 
point Tmz. Let P*(X) G V2 be the polynomial P^j-y^^^^)!^) defined as in 
equation (|29| ) in section |^ and define cZ^^ G \4 by 

c4")(P(X)): =<P(X),P™>. 

Lemma 8.4 Lei 

(60) c/p,^ : CfP"((^^, e„)) r((V;)*[-m]) 

denote the upper horizontal homomorphism in diagram ^^). We have, 

clp{zf) = ±c/f \ 

Proof. It is enough to consider the case n = 2 since the case of an arbitrary 
(even) n follows formally from the first case. We have an isomorphism 

(61) 

Uqur = {U E M2(Q7) I trace([/) = 0} Vqu,-, U ^< Pu{X), ...> . 

The Frobenius on V^[— 1] corresponds under (^) to the map 1^^ ® a on Uqur 
and the subspace V^^r j to 

Ui-. ={U e UQur I ^{a)U^{a) = a'a^-'U}. 

A simple computation now shows that r(Vvi,[— 1]) is an one-dimensional 

(2) 

Qp-vector space generated by < P^,,... >= cl\, . Since < Pi!/,Pqr >= 



— trace (v^^D^(v — D^)) = —2Dk the assertion follows from |5.14j and |8]2 



□ 
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Remark 8.5 Recall that the isomorphism (^) was so far well-defined only 
up to sign (Remark ^.12|) and that changing the sign also changes the sign 
of the map (|60D. We fix the sign by requiring that c/p(z~*^) = This 

automatically implies that dplzp"^) = cl^^ for any optimal embedding : 
K ^ B since W x A-acts transitively on the set of Heegner points. For 
example consider the Atkin-Lehner involution Wp at p and choose 7 G i?* 
such that ordp(A^r(i(7)) is odd. We have a commutative diagram 



CH^{{A%en)) 



p' 

(u.p)* 



^ r((v;)*[-m]) 



cl~. 



where 7*(f ) : = Nrd{'j) ™'7t>. Since 7*(c/^^) = d)^'^ we get 



Wp{P) P ^' 



For a G A and a G -B* as in ( ^71) we get a diagram as above with a and a 
instead of Wp and 7. 



9 Derivatives of anticyclotomic ^^-adic L- func- 
tions 

In this section we show that the derivative of the anticyclotomic p-adic L- 
function attached to a newform of even weight > 4 on X at the central 
critical point s = k/2 can be expressed in terms of the p-adic Abel-Jacobi 
image of Heegner cycles. 

To begin with we briefiy review the construction of the anticyclotomic p- 
adic L-function Lp{f,K,s) from ( pDIS|| section 2.5). We keep the notation 
and assumptions of the last section. Let f{z) G Mk(T) and let An denote the 
set of Cp- valued functions on P^(Qp) which are locally analytic except for a 
pole of order at most ri at 00. Associated to f{z) there is a distribution 

: An ^ Cp,i!} fif {■}!}) = / ■&{x)fif{dx) 
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which is characterised by the property 



/ P{x)fif{dx) = ReSe{P{z)f{z)dz) 

Ju{e) 



for all P{X) G Vn and e G £{T). Here [/(e) denotes as usual the compact 
subset of P^(Qp) corresponding to the ends of T containing e (see e.g. PDIS|| , 
section 1.3). 

Let Kao/K be the maximal abelian extension of K which is unramified 
outside p and anticyclotomic, i.e. the involution in Ga\{K/Q) acts as —1 on 
Gal{K^/K). Let G: = Ga\{K^/H) and G: = Gal{K^/K) so that G/G ^ 
A. Class field theory identifies G with K*/Q*. An optimal embedding 
: K ^ B yields an embedding 

G ^ k;/q; ^ b;/q; = pgl2(Qp) 

hence a (simply transitive) action of G on P^(Qp). For a fixed base point 
ic G P^(Qp) we let 7]^^^, : G P^Qp) be the bijection given by letting G act 
on -k. We obtain a distribution /i/,*,* on G, i.e. a functional on the set A{G) 
of Cp-valued locally analytic functions on G by setting 

/ ■d{a)^f^iii^i,{da): = / 1!} o ri~^\(x)P<i,{x)"^iJ,f{dx) 
Jg ' ' JP^iQp) 

for ■& G ^(G). For 7 G F we have = fJ'f,'ii,*- The distribution /X/,^,* 

depends on the base point and the representative \1/ of G emb{0,R) 
only up to translation by an element in G. 
Define log : G Q^^ to be the composite 



ur 



(62) log : G ^ K;/Q; = Kp,, Qp. C 

where Kp^i = {x G K* \ N^p/Qpix) = 1} and where the second isomorphism 
is given by x x/x. The map (p^ ) extends uniquely to G. For a in G or 
G and s G Zp we define : = exp(s log(Q;)). The partial p-adic L-function 
attached to the datum (/, \1/,*) is defined as 



Lp(/,^,*,s): = a' ''/^fif^^^^ida) 
Jg 
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If -k' G P^(Qp) is another base point and ^' : K B another optimal 
embedding which is conjugate under F to \1/ then there exists an element 
ao G G such that 

In particular since ^ , -k, k/2) = we see that the first derivative L'^{f, ^ i 
•k,k/2) is independent of the choice of in and 

The distribution extends canonically to a distribution on G denoted 
by ^f^K for short. For that let A denote the set of F-conjugacy classes of pairs 
(^,T*r) where \E' : ^ B is an optimal embedding and -k G P^(Qp). The 
action of W x A on emh{0, R) lifts canonically to a simply transitive action 
of W X G on A such that a{'^,i^) = {'^,'^{a)-k) for a G G and {'^,k) G A 
(see PPISII , Lemma 2.14). We denote by S the set of A-orbits in emb(C, R) 
(or G-orbits in A). It is a principal homogeneous W-space. 

Fix ^ in S and a pair (^1^,^) representing it (depending on the circum- 
stances we consider elements in S either as A-orbits in emb{0, R) or G-orbits 
in A). For every 5 G A we choose a lift 05 G G and write (\E'5, kg) : = as^"^, -k). 
The distribution fif^x = l^f,K,i is given by the formula 

Jg seA-^^ 

for {} G A{G). It is independent of the choice of the as and depends on the 
pair (\I', ^) G ^ only up to translation by an element in G. The anticyclotomic 
p-adic L-function attached to the datum (/, K, ^) is a function in the p-adic 
variable s G Zp defined as 



Jg 



Up to a multiple of the form s i— > o.^q'^^'^ it is independent of the pair 1^) G 
^ (for the justification of the term anticyclotomic p-adic L-function we refer to 
| |BD1S| ). Lp(/, K, C,, s) can be written as a sum of partial p-adic L-functions 



(63) Lp{f,K,^,s) = J2Lp{f,'^^,^^,s) 



i=l 
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where . . . are representatives of the A-orbit ^ and . . . , *h are suit- 
ably chosen base points. In particular Lp{f, K, ^, k/2) = and L'^^f, K, ^, k/2) 

= Yl'^=i L'pif^ ^25*25 k/2) is independent of the pair (^E^,*). 

Remark 9.1 Assume that f{z) is a newform, i.e. it corresponds to a new- 
form /oo G S'fc(ro(A^)) under the isomorphism (pO|). In this case Lp{f, K, ^, s) 
is independent of ^ up to sign. In fact if w G W and e G {±1} such that 
w{f) = ef then 

Lp{f, K, w^, s) = eLp{f, K, ^, s). 



In ||BDIS|] the dependence of Lp{f,K,^,s) on ^ was surpressed. We had 
considered there always a fixed A-orbit ^ in emb{0, R). However the reader 
should notice that there is no canonical choice for it. 

For [\E'] G emb(C,i?) we define 

C'pi^, k/2) : M,(r) f{z) ^ L'pif, ^, ^, k/2) 

and for ^ G H we let C'p{K,C,, k/2) be the functional 

M,{T) ^Q;\f{z) ^ L'p{f,K,^,k/2), 

so that C'p{K,^,k/2) = C'i^i/i, k/2) + . . . + C'i'^h, k/2) where ^i,. . . are 
representatives of ^. Let Pi, . . . , -P/i be the Heegner points on Xh correspond- 
ing to \E'i, . . . y'^h via (|58|) and let Pj G X(H) be the complex conjugate of 
Pj. We denote by y^"^ the image of the Heegner cycle y^p^ under the push- 
forward CH"'+^{{Mn)H) CH'^+^{{Mn)K)- It does r^ot depend on the 
choice of i G {1, . . . ,h} and is mapped to y^p^ + . . . + y^p^ under pull-back 
to H. Complex conjugation also acts on the set of optimal embeddings (by 
\E'(a) : = "^{a)) and likewise on emb{0, R) and S. 
Our main result is: 

Theorem 9.2 

C'piK, k/2) = pH{y^-^ + ... + yP,+ {-l)"'^\wMy¥, + • • • + yfj) = 

= PKiyt'^ + i-ir-'\wMyP))- 
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Proof. The second equality follows immediately from the definition of 
y^^\ For the first equality it is enough to show that 

(64) £;(vl/, k/2) = pHivP + i-ir'-'y'^^-p)) 

for any Heegner point P and corresponding optimal embedding ^ : — > S. 
Fix P, \1/ and let Zq and Zq be the points on Tip which correspond to \l/ and \l/ 
respectively via (p^Ol). Note that the class [\E'] G emb(C, R) belongs to Wp{P) 
via (0) (see fD^, Let f/: =X - {P,Wp{P)} and let 

(65) H\Xr, Vn)^E^ Qf[m + 1] ^ 
be the pull-back of 

H\Xr,Vn) ^ H\UQur,Vn) (K)*[l] © (K)w[l] 
with respect to 

Q;^[m] (K)^ © (K)^, 1 ^ (c/f \ -4"^). 



By Proposition |7.3| , Lemma |6y and Remark q3| the extension class 
corresponds to puiy^p^ + (~l)'"'''^l/''"lm) under the isomorphism 

ExtW-.(0,^)(Qr[^ + l]'^'(^r, V„)) = /7^(Xr, V„)/F-+^ = M,(r)^ 

Concretely, let a be the uniquely determined element in H^iU^ur^ V„)m+i 
with N[a) = and such that 

Res,„(«) = c/f) =< P™, . . . >, Res,-„(«) = (-l)-+idj) = - < P-, . . . > . 



Let /3 G if^(Xr, V„) with j,(/5) = a mod P™+i. Then 



(66) p(i/?) + i-ir'-'y^'^^Mfiz)) =< N,/5 > 



for all fiz) G Mfc(r). 

Since H\Xr,Vn) = H\Xr,Vn)^ © P"^+^i^^(Xr, V„) (see the proof of 
Theorem |6l^ ) we may assume that P G //""^(Xp, V„)m = '•(-^^"'^(r, (V^„)q^'-)), 
i.e. P = t(c) for some c G i^"'^(r, (V^)(Q^r). In order to compute < P, [ujf] > 
we use the results and notation of appendix |10.2| . By Theorem p.0.3| we have 

< [uf],p>= - < I{[Ljf],c>r . 
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Let X be a F-invariant Ki- valued meromorphic differential form on Tip which 
is holomorphic outside of tt~^{U°'"'), which has simple poles at zq,zq and 
whose class in F'^'^^H^^Uqur ,Vn) represents a — Hence Pt/([x]) = 

-PuiMP)) = -c,Ni[x]) = and 

Res2o(x) = Res2o(a) =< P^, . . . >= -Resjo(a) = -Res5o(x). 

We can apply Corollary |10.7| and obtain 

< N,/5 >= - < /(N),c>r=< I{[u;f]),Pui[x]) >r= 



=< F^/2;o),Res,„(x) > + < F^^.{zo),Res,,{x) >= / fiz)P^{z)"'dz. 

By ( |[BD1S|| , Theorem 3.5) the last expression is equal to L'p{f,'^,-k,k/2) 
hence together with ( |66D we get 

pivP + (-l)'"-^^Z/l"j(p))(/W) = L',{f,^,^,k/2) 
as claimed. □ 



Let f{z) G Mk(T,Cp) be a newform and w be the eigenvalue of the 
Atkin-Lehner involution Wp acting on f{z) (so w = —1 if is of split 
multiphcative type and w = 1 otherwise). Let 

Pf,p : CH"'+\{Mn)K) ^Cp,z^ PK{z){f{z)) 

be the /(z)-component of px- 

Corollary 9.3 We have the following equality 

L'p{f,K,^,k/2) = p;,,(yf) + ^(-l)-+^yf)). 



Remark 9.4 Let f{z) G M^iT, Cp) be a newform. In PK]| the authors have 
defined a subgroup Hj{K, Vp{f)) of H^^^^{K, Vp{f)) which one might consider 
as a cohomological version of a Selmer group. Corollary |9.3| together with 



Kolyvagin's method of Euler systems (compare |[Nel|| ) can be used to show 
that 



L'(f,K,^,k/2) ^ =^ dim(Im(do,/)) = dim{Hl{K,Vpim 
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Here c/qj : CH'^+^{{Mn)K ^ ^cont(^, Kif)) is the /-component of the co- 
homological Abel-Jacobi map (^0]) (for the motive A4n)- This statement can 
be interpreted as an affirmative answer to a Bloch-Beihnson type conjecture 
relating the order of vanishing of Lp[f, K,C,, s) at s = to the dimen- 
sion of the Abel-Jacobi image of a cycle class group attached to the motive 
"M(/)". The reader is invited to formulate a precise conjecture (generalising 
conjecture 4.1 of [PDlf). 



10 Appendix 



10.1 Chow motives attached to modular forms on Shi- 
mura curves 

Attached to the space of modular forms of weight fc = n-|-2onXisa 
certain motive which is the analogue in the context of Shimura curves 
of the motive attached to the space of cusp forms of a fixed weight and level 
constructed by Scholl |ScET]. The motive Ain has been considered first by 



Besser (see [Pe|| ). He construced it as a motive for absolute Hodge cycles. It 



is possible to refine his construction and define A1„ in the category of Chow 



motives (see |[Wo|| ) . For convenience we briefiy recall here the main steps of 
the construction and some properties of J^n- 

Let i^' be a field of characteristic and S* be a smooth quasiprojec- 
tive connected variety over K. We denote by Ai^{S) the category of rel- 
ative Chow motives over S with respect to graded correspondences (see 



|PM| , pu[] ). Recall that the objects of M°{S) are triples {X,p,i) where X 



is a smooth projective S'-scheme, p is a projector (i.e. an idempotent in the 
ring CoTTs{X, X) : = 0^ CH'^^'^^^''^^\X^ x gX) of relative correspondences 
where X = Y[„ X^ is the decomposition of X into connected components) 
and i is an integer. Morphisms are given by 



Hom^o(5)((X,p, i), (Y, q,j)) = q o C7/7dim(x./5)+i-.(^^ y) 



<p. 



Composition is induced by composition of correspondences. The category 
A4'^{S) is an additive pseudo-abelian Q-linear rigid tensor category. In par- 
ticular the kernel of projector exists in Ai^{S). For a smooth projective 
S'-scheme X we denote by h{X/S): = (X, Ax) its motive (we abbreviate 
(X,p) for (X,p,0)). 
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Let S = Xm/Q be the fine moduli scheme of the moduli problem ^ 
for some M > 3 and let vr : ^ Xm be the universal abelian surface 
with quaternionic multiplication. The motive h{A) = h{A/XM) admits a 
canonical decomposition 

h{A) = h\A) © h\A) © h\A) © h^A) © h\A) 



with h'{A) = A'h\A) and h'{Ay = h^-\A){2) (see or fK^). The 



T^^'^^-action induces an embedding B ^ End{h^{A)). There exists a unique 
idempotent e 7^ in the subring Sym^;B of End(A^/i^(^)) with x"^ ■ e = 
Nrd{x)e for all x & B. The projector 62 G Corrx^j ("^, is defined by 
{A,e) = h\A)-: =Ker(e). 

Let < , >: Sym^h'^(A)- Q(2) be the restriction of the symmetric 
pairing 

h\A) © h\A) = A^h\A) © A^h\A) ^ A^h^A) = Q(-2) 
to h'^{A)-. Let 

A„ : Sym"/i2(^)_ ^ {SYm"'''h\A)^)i-2) 

be the Laplace operator associated to < , > and let \m~2 ■ Sym'"~^/i^(^)_ 
{Sym^h'^{A)-){2) be the map given symbohcally by Xrn-2{xiX2 ■ ■ ■Xm-2) = 
X1X2 . . . Xm-2l^ where /i : Q — ^ (Sym^/i^(^)_)(2) is the dual of < , > 
(twisted by 2). Then Am o Arrt-2 is an isomorphism. Put p: = Xm-2 ° 
{Am o Xm-2)^^ ° Am- Since = p, Ker(p) exists (hence also the kernel of 
Am exist and is equal to Ker(p)). The projector e„ G Cottxm{A"^, A"^) is 
defined by {A^,en) = Ker(p). 

The p-adic realisation of {A"^, e„) is equal to the sheaf L„ (shifted by — n), 
i.e. we have 

(67) Rp{A"',en)=h4~n] 

where Rp : A4'^{Xm) — ^ D^{Xm,Qp) is the p-adic realization functor from 
JH'^^Xm) to the bounded derived category of Qp-sheaves (see |PM|| , 1.8). 



The group G: = (7^"'^^/M7^"'^^)* = GL2(Z/MZ) acts canonically as 
X-automorphisms on Xm and A^. We can therefore view the idempotent 
Pc!- ~ Wi^gecd ^ Q[G] as an element in Coyyx{A^,A"^). Since the 
projectors e„ and pc commute their product is a projector, too. The relative 
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Chow motive over X is defined as {J^niVc ° It is independent of 
the integer M. When considered as a Chow motive over Q (by applying the 
canonical functor M.^{X) A^'^(Q)) its p-adic realization is given by the 
following lemma. 

Lemma 10.1 We have, 



otherwise. 



To see this note that by (^) we have 

H;{Mn) = {pG)*{H\XM,Rp{{A"',en)/XM))) = H'-^(XM,Kf 

Since H^{X M,^n) = for alH 7^ 1 the lemma follows. 

Similarly for the de Rham realization we have H^^^{Ain) = for i 7^ n+1 
and F'^+^H^+^Mn) = Mk{X) (see also 

10.2 A formula for the cup product on open subschemes 
of Mumford curves 

Let A; be a finite extension of Qp and F C SL2(A;)/{±1} be a discrete cocom- 
pact subgroup. Let Xy be the associated Mumford curve; as a rigid analytic 
space it is r\?-^p where Tip = Pj^ — F^{k) is the p-adic upper half plane de- 
fined over k. Let V he a finite-dimensional F-representation (over k) which 
carries a F-invariant bilinearform 

(68) < , >:V0V — ^k 

The locally free OT^^-module O-j-ip ® V descends to a local system on 
denoted by V. The pairing (p8| ) induces a pairing 



(69) < , >x,: Hl^iXr, V) ® H^^iXr, V) ^ H^ni^r, V ® V) 



k. 



In [dS2| de Shalit proves a formula for 



I) in terms of "Coleman" and 
"Schneider integration" (see Theorem |10.3| below). In this section we gen- 



eralise this formula to certain open subschemes of Xp in the case where X^ 
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is of arithmetic origin (i.e. a Shimura curve). Under this hypothesis we give 
also a new short proof of |10.3| based on Theorem ^ . 

To begin with we recall some facts from ||dSl| , |dS3|| . There are pairings 



(70) 



< , >r:H\r,V)^Ci,^,{Vy-^k, 



(71) < , >r:aUVy^H\T,V)-^k 

defined as 

H\T, V) ® a^Vf ^ H\T, V ® C^UV)) ^ H\T, a^,{k)) ^ k, 

where (*) is induced by ([681) . The map tr can be defined as follows. We have 
short exact sequences 



(72) 







WiT, V) ^ ifW(Xr, V) W~\T, CUV)) 



0. 



For i = 2 the first group vanishes since F has a subgroup of finite index which 
is free. Hence for V = k we have an isomorphism 

tr : H\r,CUk)) = H^^iXr) = k. 

Explicitely the pairing (^0[) is given by 



(73) 



1 ^ 

< [3], / >r = ^TTYT] < ^(^^) > 



i=l 



for / G Ci^i^j-iV)^ ,^ £ Z^(X, V)- Here F' is a free subgroup of finite index in 
F, bi . . . ,bg,ci, . . . ,Cg are the "free edges" of a good fundamental domain 



for F'\T (in the sense of ||dSl|] , 2.5) and 71, . . . , 7g are generators of F' with 
li{bi) = Ci. 



Lemma 10.2 Let I : if^^(Xr, V) Char{V)^ be the map 

(a) < L{x),y>xr=< xj{,y) >r for all x e H\r,V) and y e H})^{Xr,V). 

(b) < y,t{x) >Xr= ~ < I{.y)iX >r for all x G H\,j^{Xy,V) and y G 
H\T,V). 
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Proof. We have //^^(Xr, V) = H\T,n*{np) ® V) and there is a distin- 
guished triangle 

which induces the sequences ([72|). Part (a) follows from the commutativity 
of the diagram 



fi'{np)®v®v 



aUV)[-l]^V > Char(A;)[-l]. 

and (b) by applying (a) to the pairing < Vi,V2 >': =< V2,Vi > instead of 

m). □ 



In I jdS 1| , |dS2[ | the following formula is proved through some complicated 
explicite computations. 

Theorem 10.3 For all x,y E i/])^(Xr, V) we have 

(74) <x,y >xr=< P{x), I{y) >r - < I{x), P{y) >r • 



Before we explain how this can be generalised to open subschemes we 
show how to deduce |10.3| from |5.9| in the case where Xr is the Shimura curve 
X (over Qp"^), V = Vn with n = 2m > 2 even and (|68D is the pairing (|3^). 

Under these assumptions the pairing (^) can be interpreted as a map in 
MFqut [(f), N) (see remark |5.12|) and therefore the isotypical components of 
H^^{Xr, Vn) in the slope decomposition (^) are isotropic. If we decompose 
elements x,y e H^^{Xr, V„) as x = a;^ + Xm+i, y = ym + Vm+i according to 
(|5|) then x„^ = L{P{x) ),ym = L{P{y)) and I{x) = I{xm+i),I{y) = I{ym+i)- 
Together with Lemma |10.2| we obtain 



<X,y > = < Xm,ym+1 > + < Xm+l,ym > = < P{x),I{y) > - < I{x),P{y) > 



□ 



Let K be an extension of k contained in Cp which is complete with respect 



to the p-adic valuation and of ramification index 1 over k (e.g k 



and 
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K = Qp^). We pass from A; to in order to have rational points on Xr (i.e. 
we replace Xr by {Xy)k, V by Vk but we will surpress the subscript from now 
on). The condition on the ramificaton index implies that the image of every 
A'- valued point on Hp under the reduction map red : Hp ^ |T| is a vertex). 
Let j : U —>■ Xr be the complement of finitely many points Xi, . . . ,Xr G 
Xr{K) and choose preimages Zi, . . . , Zr E d 'Hpi^K) of Xi, . . . ,Xr under 
the projection vr : Hp Xp". To simplify the notation we assume that the 
stabilizer of each point Zi under the action of F is trivial. 
We have a pairing 

(75) < , >u: H^n,M V) ® H^U, V) ^ H^^iXr, V ® V) ^ 

^ HIkAU) = ^DR(^r) = k. 

The inclusion j induces maps : ^{U, V) H^j^{Xr, V) , j* : H^j^{Xr, V) — > 
HhRiU,V) such that < j^{x),y >Xr=< xJ*iy) >u- 

We are going to introduce now the analogues of the maps (|T5D and (p!6[) 
for H^^^^iU, V), H^jiiU, V). We write Ind^(r) for the T-module Maps(r, V) 
with F-action is given by (7/)(t) : = ^f{^~^T). Let ad : V Ind'"(K), v i— »• 
(r I— > v) and let IC*{V) denote the complex 

}C-{V): =Cone(V ^^±11^ ^r^^i^a^ ))[-!]. 

Let D be the divisor xi + . . . + Xr- The de Rham cohomology with compact 
support (,([/, V) can be identified with the hypercohomology 

r 

H\Xr, [C{-D)^V^ Q]^^ ® V]) = H'{r, Cone{n' {Hp) ® ^ ^ Ind^(l^))[ 

1=1 

where a is given (in degree 0) by F t— > {F{zi), . . . , F{zr)), F G 0{Hp) ® V. 
The distinguished triangle 

r 

K'{V) Conein'iHp) ® V Ind^(\/))[-l] C^^V) IC'{V)[1] 

1=1 

yields short exact sequences 

(76) ^ w{T,ic-{v)) ^ Hi,^^^{uy) — . w-\v,c^,,{y)) ^ 0. 
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and for i = 1 we get a map H^^^^{U,V) — > C'har(^)'" which we denote by 
Iu,c- The injection t[/c : H^(X, K-'iV)) — > Hl^^^{U, V) has again a left inverse 
Pu,c '■ H^^^^^{U,V) H^{T,}C*{V)) defined in terms of Coleman integration. 
For that let J-'iV) be the subspace of l^-valued locally analytic functions on 
Tip which are primitives of elements of Q^{T-Cp) (S> V (thus the definition of 
J-'iV) depends on the choice of the branch of the p-adic logarithm). Since 

V = Ker(c/ : J^{V) n^Hp) ® V) the complex [J^{V) ^ n\Hp) ® 

V © 0i=i Ind'"(V")] (concentrated in degrees and 1) is quasiisomorphic to 
}C'{V). We defined 

r 

Pu,c : H^K,M V) = H\r, OiHp) ® \/ ^ Q\Hp) ® V © Ind'^iV)]) 

i=l 



H\T, [J^{V) ^ n\np) ® V © Ind^(r)]) ^ H\T, }C%V)). 

1=1 



One easily checks that Iu,c = I ° j* and o P^^^ = p o (^g ; y ]C*{V) is 
the canonical map). 

As in section | let C^iy) (resp. C^iy)) be the set of maps / : V{T) V 

(resp. maps / : S(T) V such that /(e) = —/(e) for all e G S{T)). We 
have an exact sequence 

c,uv) C\V) ^ C\V) ^ 

where 6{f){v) : = J2o{e)=v /(^)- ^or i G {1, . . . , r} we set Vi = Ted{zi) and 
define Xi ■ Ind^(V) — > C°(V) by 

•V ( f^(,A ■ = / ^^^^ ^ = ^ ^ 

\ otherwise. 

Let CuiV) be the kernel of 

r r 

C\V) © Ind^(V) — > C%V), if, A, . . . /.) 5(/) - 5^ x.(/.). 

1=1 i=l 

We have a short exact sequence 



(77) a^V) Cu{V) ^ lncf{V) ^ 

i=l 
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For the de Rham cohomology H\^-p{lJ^ V) we have 

Hi,^{U,V) = H\Xr,n'^^ilogi\D\)®V]) = H\V {n,){log{\^-\D)\) ®V). 

There is a distinguished triangle 

V — . n-{n,){log{\^-\D)\) ® V Cu{V)[-l] V\l\ 

where /(t^)(e,7i, . . . ,7,.) : = (ReSe(t^), Res^,(2i)(u;), . . . , Res^^(^^)(t^)). We 
get short exact sequences 

(78) WiT, V) ^ Hi,^{U, V) W-\T, Cu{V)) 0. 

For i = 1 the map H^ji^^{U, V) — > Cu{Vy will be denoted by lu- 

By identifying H^j^{U, V) with the space of F-invariant l^-valued mero- 
morphic differential forms which are of the second kind on 7r^^(f/'^") modulo 
exact differentials we can define a left inverse Pu ■ H^j^^{U, V) — > H^(X, V) 
of Lu by the same formula as (|15D . We have Pu o j* = P and lu o j* = R. 

Lemma 10.4 There exists a pairing 

(79) < , >=< , >r,u: H\T,]C'{V))®Cu{Vf K, 
such that 

(80) < Lu,c{x),y >u=< X, Iu{y) >r,u 

for allxe H\T,IC'{V)) and y e H]jj^{U,V). 

Proof. The exact sequences (^6]), ([78|) for z = 1 guarantee the existence 
of (|79D with the property (|80D once we have shown that Lu,c{,H^iX ^^*{^))) 
and (if ^(F, V)) are orthogonal under (|75]). This follows by considering the 
diagram 

H\T,1C*{V))®H\T,V) > H\T,1C*{K)) 

using the fact that H"^ {V , K* {K)) = 0. The upper map is the composite of 
the cup-product with the map H^iT,}C'{V) V) ^ H^{T,IC'{K) induced 
by (H). □ 
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We also need a concrete description of the pairing ( |75[ ) similar to (|73p. 
We assume for simplicity that F is free and leave the formulation of the 
general case to the reader. Elements of H^{r, }C*{V)) can be represented by 
(r + l)-tuples (3, /i, . . . , fr) such that ad o 3 = d{fi) = . . . = d{fr) where 
3 e Z\T, V), /i, ...,/. G ln(f{V) and a(/,)(7) = lf^ - U An element of 
CuiyY is given by a tuple {g, gi, . . . , g,-) G C'H^) ©0I=i l^(f{V) such that 
'^(5') = Si=i Xiidi)- With the notation as in (|73D we have 

(81) < [(3,/i,--- Jr)],{g,gu--- ,gr) >r,u = 



j=l j=l,...,r 

We leave the verification of this formula as an exercise to the reader. 
Conjecture 10.5 For all x E H}jj^^^{U,V),y G H})j^{U,V) we have 

(82) <x,y >u=< PuM), Iu{y) >T,u - < hA^)^ Puiv) >r • 

It is likely that this can be proved by the methods of ( [|dSl|] , appendix). 
Here we will prove it only in the case needed for the application. 

Theorem 10.6 Let Xy he the Shimura curve X (over Q^''^), V = Vn for 
n = 2m > 2 even and the pairing is pairing (^). Then Conjecture \10.3i 
holds. 



Proof. In this case (^5]) is nondegenerated. Hence there is unique struc- 
ture of a filtered (0, A^)-module on H^j^^U, V) such that (|75|) is a map 

HL JU, Vn) ® H^niU, Vn) ^ Qr[2m + 1] 

in MF((j«r(0, A^). By Theorem ^.13|, H^-^{U, V) has a slope decomposition of 
the form 



^3) H^,,{U, Vn) = H^niU, V„)„ © H^^{U, Vn 



'm+1 



where H^U, V„)„ = HU^r, Vn)^ = t{H\T, K)) and HUXr, V„)^+, = 
Ker(Pt/). Thus the slope decompostion of H^-^^{U, Vn) is also of the form 



(84) Hl^^U, Vn) = Hl^^U, V„)^ © H'^^^U, Vn] 



m+1 
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and H'^nM^n)^^, = i^iR(Xr,V„)^+p Since iuAH\r,}C'iV))) and Lui 
H\T,V)) are orthogonal we see that lu,c{H\T , IC' (V))) C H^^^U^Vn)^- 
But both vector spaces have the same dimension, hence Lu^H^iT, IC*(y))) = 
HhnA^' ^"^^ ^ ^ ^DR,c(^' K) as X = x„ + x^+i and y e 

-f^DR(f^)K) as ?/ = ?/m + ym+i according to (|^) and (|3p, then = 
<.(Pc/,c(x)), ym = Lu{Pu{y)) = f{i^{Pu{y)) and we obtain as before 

<x,y >u=< t'iPuA^))^ym+i >u + < j*ixn,+i),i{Puiy)) >x= 



=< Pu,c{x),Iuiy) >r,u - < IuA^)^Pu{y) >r 
(the last equality follows from Lemma |10.2| and Lemma |10.4| ). □ 



Now assume that r = 2 and that red(2;i) = v = red(z2)- Let x be a F- 
invariant l^- valued meromorphic differential form on Tip which is holomor- 
phic outside of 7r~^(f/"") and which has simple poles at zi, Z2 with Res^^(x) = 
— Res22(x)- The residue theorem implies then that c^(e) : = ReSe(x) is a 
harmonic cocycle. We also assume that the class [x] lies in the kernel of 
N : H}^j^{U,Vn) i?DR([/,V„). Note that this imphes that = Q (see 

m). 



Corollary 10.7 For every f G Mfc(r) we have 

< I{[ujf)],Pu{x) >r=< F^^.(2i),i?es^i(x) > + < F^^^^)' ^^^^2{x) > ■ 

Proof. Since F'^+^H^^/U, V„) and F'^+^Hl^iU, V„) are orthogonal we 
have < [ujf],[x] >u= 0. 'Hence by (|2p we get < /([w/)], Pc/(x) >r=< 
Pu,c{[^f])y ^u{[x] >T,u- However using the formula (pi]) it is easy to see that 

<PuA[^f])Ju{[x])>r,u= 
=< F^^,(2;i),Res2i(x) > + < ^^^(2:2), Res^^lx) > • 

□ 
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